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Chapter 1
Introduction
In spite of many reent developments, in partiular in string theory, the problem
of quantization of General Relativity is still an open one both from mathematial
and physial point of view.
In this thesis we disuss some ontributions to the lattie approah to Eulidean
Quantum Gravity, namely to Regge Calulus and Dynamial Triangulations that
oer the most natural disretization of General Relativity. This disretization on-
sists in going from a Riemannian manifolds to triangulations of Pieewise-Linear
manifolds. In both ases the partition funtion is a sum over the triangulations
of Pieewise-Linear manifolds. Eah triangulation is weighted by a fator equal
to the exponential of minus the disretized version of the Einstein-Hilbert ation
(Regge-Einstein ation). Moreover the di-invariant ontinuum measure on the
Riemannian strutures of a manifold M is replaed, in general, by a DeWitt-like
measure for the edge lengths in Regge Calulus and by a miro-anonial measure
in the dynamial triangulations.
The bulk of this thesis is based on two original ontributions whih are reported
in hapter three and four, while in hapter two we introdue very briey the main
notions about the model of dynamial triangulations. All the notions that we give
in this hapter are well known and established in the literature and we introdue
them sine they will be used in hapter three.
Along the main stream of the onnetion between Eulidean quantum eld theory
and lassial statistial mehanis we introdue the notions of miro-anonial,
anonial, and grand-anonial partition funtions. In partiular in two dimen-
sions we mention dierent analytial ways in whih the number of ombinato-
rial inequivalent triangulations was alulated. Reent results on the estimate of
miro-anonial partition funtion in three and four dimensions are summarized.
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This estimate will be extensively used for the lassiation of the elongated phase
of dynamial triangulations in four dimensions in hapter three.
Suessively we give the denition of the two point Green funtion in the ontext
of dynamial triangulations. As a onsequene of the denition of the Green
funtion, we give the denition of the suseptibility funtion. From its behavior
near the ritial line we dene the string suseptibility exponent γstr.
In hapter three we shall study the elongated phase of dynamial triangulations in
four dimensions. We begin by introduing Walkup's theorem whih haraterize
the triangulations with the topology of the sphere in four dimensions. We review
the kinematial bounds whih are xed by this theorem. Furthermore by using the
expression of the estimated anonial partition funtion, we stress that the average
urvature is saturated in orrespondene to the kinematial bound of Walkup's
theorem. This means that for values of k2, the inverse of gravitational onstant,
greater than the value kc2 for whih the Walkup bound is reahed, there is in
the statistial ensemble of equilateral triangulations of the sphere S4 a prevalene
of partiular triangulations alled "Staked Spheres". These ongurations are
the only triangulations for whih the Walkup bound is realized. They have a
simple tree-like struture that an be mapped into branhed polymers strutures.
Anyway the map is not one to one in the sense that ombinatorial inequivalent
staked spheres an be mapped into the same branhed polymer. We reognize
that a staked sphere ts with the model of a network of baby universes whih has
been formulated from the analysis of the results of the Monte Carlo simulations
in four dimensions.
We onstrut two distint models of branhed polymers and we put them in or-
respondene with the staked spheres by the dual map. This analysis shows that
the string suseptibility of the staked spheres is less than 1.
At the end we analyse a model taken from the theory of random surfaes and
adapted to the staked spheres. The aim of this analysis is to show some evidenes
on the analogy between the staked spheres and self-energy Feynman graphs rela-
tive to matrix models of two dimensional triangulations. What we learn from this
analysis and from all previous onsiderations is that there is a strong evidene
that the staked spheres orrespond to a mean eld phase in whih the string
suseptibility exponents is γs =
1
2
, so that any attempt of performing a ontinuum
limit in this phase will give, even if we assume the onvergene of the Shwinger
funtions, a Gaussian measure.
Reent numerial evidene of a rst order phase transition of the model of
dynamial triangulations in four dimensions and the previous strong evidene of
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for simpliial quantum gravity might be required.
Along this line and following the work of various authors we study Regge
alulus as a loal theory of Eulidean Poinare group in the rst order formalism.
The reason for a rst order formalism is both theoretial and tehnial. With
respet to traditional Regge Calulus the novelty lies both in its formulation as a
gauge theory and in the rst order formalism. The gauge theory approah results
mainly in the deit angle being replaed by its sine. The rst order formalism
has others eet of smoothing out some pathologial ongurations, like "spikes",
whih might prevent the theory from having a smooth ontinuum limit. These
ongurations are in fat in the region of large deit angles where the rst order
formalism and the seond order formalism are not equivalent on a lattie.
We rst review and improve some denitions of a previous work on this subjet.
In partiular it is stressed how a group theoretial formulation of Regge alulus
allows to write an ation on the dual Vorono omplex of the original simpliial
omplex whih is quite similar to a gauge theory and, more preisely,
looks like the Wilson ation for lattie gauge theory.
We prove that this ation does not depend from the orientation of the Vorono
plaquette.
We formulate a rst order priniple in whih we have two sets of independent
variables: the normals to the n−1-faes and the onnetion matries. The normals
are onsidered as the analogous of the n-bein in the ontinuum theory, and the
onnetion matries as the onnetion one form in General Relativity. The main
result of this hapter is that we prove in the ase of "small deit angles" that
Regge alulus is a solution of the rst order formalism. This result is not obvious
if we vary indipendently the two sets of variables above.
Then we derive the general eld equations for the onnetion matries and for
the normals. We use the method of Lagrange multipliers to take in aount the
onstraints of the theory. We propose a method for the alulation of the Lagrange
multipliers by using the one to one orrespondene among the normals to the faes
of the n simplies and the irumentri oordinates of the verties.
A measure for the path integral for this simpliial theory of gravity is introdued
and it is shown that it is loally invariant under SO(n). As a last step we propose
a oupling of this lattie theory of gravity with fermioni matter. This oupling is
entirely performed by following the general presription of the ontinuum theory.
In other formulation of disrete gravity (Regge alulus and dynamial triangu-
lations) the oupling with fermioni matter is usually introdued "ad ho". In
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this approah the oupling with fermioni matter is given by onsidering spinorial
representation of SO(n).
Chapter 2
Dynamical Triangulations
2.1 Introduction
In this hapter we shall introdue the basi tools for the simpliial approah [12℄
[13℄ [11℄ to Eulidean Quantum Gravity (see [2℄ for the main artiles on the subjet
and also referene [3℄) via the theory of Dynamial Triangulations [30℄ [64℄ [67℄
[66℄. A preursor of Dynamial Triangulations has been Weingarten [25℄. Romer
and Zahringer [29℄ proposed for the rst time this model as a gauge xing of
Regge alulus. In setion one we begin by onsidering the lass of equilateral
triangulations of Piewise-Linear (PL) manifolds (for a review on PL-manifods see
[7℄ [5℄ [6℄) whih are used in dynamial triangulations. Suessively we dene the
ation for dynamial triangulations as a restrition of the Regge-Einstein ation
[1℄ to the equilateral triangulations of PL-manifolds. The partition funtion for
dynamial triangulations is dened over the ensemble of equilateral triangulations
of PL-manifolds.
In this framework we address the ounting problem of the number of ombina-
torial inequivalent triangulations and we briey review the dierent methods of
enumeration in the two dimensional ase. In three and four dimensions some
reent analytial results are illustrated [30℄ [31℄ [32℄ [33℄.
In setion 2.21 following [64℄ we give the denition of the Green funtions
in the framework of dynamial triangulations. The exposition always follows the
onnetion with lassial statistial mehanis and at the end we give the denition
of suseptibility funtion as a diret onsequene of the denition of the grand-
anonial Green funtion.
All this hapter has to be onsidered as an introdution to the main onepts
of dynamial triangulations whih will be used in the study of the elongated phase
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in 4-D dynamial triangulations.
Anyway it is important in our opinion to remark that the whole approah of dy-
namial triangulations must be onsidered in the general framework of Eulidean
Lattie eld theory as explained in [36℄ hap. 15. It is ruial in this approah to
determine the Green funtions (the Shwinger funtions) and to look for a seond
order phase transition in the parameter spae. If we have a seond order phase
transition then the quantum theory of gravity may be dened at the ritial point
by looking for the saling limit of the Green funtions. If this limit exists we ask if
it ts with the Osterwalder-Shrader axioms [34℄ [35℄. In the aermative ase the
Riemannian Green funtions are the Wik rotated version of the Lorentian Green
Funtion (the Wightman funtions) [37℄ [38℄. A rst implementation of the above
ideas of Eulidean lattie eld theory to simpliial quantum gravity has been given
by Roek and Williams [12℄ [13℄.
It an happen (as in the ase of λφ4) that the ontinuum limit gives a gaussian
measure (free theory), then the theory is trivial. We want to stress that the nal
goal of these theories is to nd a non trivial ontinnum limit.
2.2 The Model of the Dynamical Triangulations
The standard rule in Dynamial Triangulations (for a review on the reent results
see [21℄ and also [80℄) is to onsider all the triangulations of PL-manifolds made by
equilateral simplies of xed edge lengths, say a. This implies that the geometrial
strutures are even more rigid with respet to Regge Calulus [1℄ (for a reent
review on Regge alulus see [23℄). The set of pieewise-linear maps on these
simpliial omplexes depend only by their ombinatorial strutures. So that two
triangulations Ta and T
′
a are equivalent if there is a pieewise linear mapφ between
them suh that it maps one to one the verties of Ta into the verties of T
′
a in
suh a way that (φ(vi), φ(vj)) is an edge of T
′
a if and only if (vi, vj) is an edge of
Ta and so on for every simplex of any dimension.
The n−2 simplies are alled bones B. The dihedral angle [1℄ of a n simplex σn on
a bone is cos−1 1
n
. If we indiate by q(B) the number of n-dimensional simplies
whih share the bone B, the Regge urvature [1℄ on the bone B is
K(B) = 2
(
2π− q(B)cos−1
1
n
)
V(B) (2.1)
where V(B) is the n−2-dimensional volume of the bone. By standard formula we
know that the volume of a n-dimensional equilateral simplex V(σn) is
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V(σn) =
an
√
n+ 1
(n)!
√
2n
. (2.2)
The Regge-Einstein ation with osmologial term for dynamial triangulations
Ta without boundary an be seen as a funtional of the form
SR(Λ,G, Ta) ≡ Λ
8πG
∑
σn
V(σn) −
1
16πG
∑
B
K(B) , (2.3)
where the rst sum is over all n-dimensional simplies of the triangulation Ta.
We dene this two bare oupling onstants
kn ≡ Λ
8πG
V(σn) + n(n+ 1)
cos−1 1
n
16πG
V(B)
kn−2 ≡ V(B)
4G
, (2.4)
then the ation on a triangulation Ta takes the standard form
S(kn, kn−2, Ta) = knNn− kn−2Nn−2 (2.5)
where Nn and Nn−2 are the numbers, respetively, of the n and n− 2 simplies of
the triangulation Ta.
The partition funtion on the triangulation Ta of a PL-manifolds PL is dened
as
Z(PL, kn, kn−2) ≡
∑
Ta
e−knNn+kn−2Nn−2 . (2.6)
Notie that all the triangulations of the PL-manifold PL, have the same weight in
the path-integral (for a disussion about the measure of dynamial triangulations
see [22℄) .
The partition funtion 2.6 an be rewritten in the following way
Z(kn, kn−2) ≡
∑
PL
∑
Nn
e−knNn
∑
Nn−2
ekn−2Nn−2
∑
#Ta(PL,Nn,Nn−2)
1 (2.7)
where
∑
PL means the sum over all pieewise-at topologies and
∑
#Ta(PL,Nn,Nn−2)
is the number of ombinatorial inequivalent equilateral triangulations Ta(PL,Nn, Nn−2)
of a xed PL-topology, xed number Nn of n-simplies and xed number Nn−2 of
n− 2-simplies. Now we an onsider
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ρa(PL,Nn, Nn−2) ≡
∑
#Ta(PL,Nn,Nn−2)
1 (2.8)
as the miro-anonial partition funtion over the ensemble of the equilateral tri-
angulations of edge length a with xed PL-topology. The following formula
Z(PL,Nn−2, kn−2) ≡
∑
Nn−2
ekn−2Nn−2ρa(PL,Nn, Nn−2) (2.9)
is the anonial partition funtion, in whih
∑
Nn−2
ekn−2Nn−2 plays the role of the
Gibbs measure. Finally
Z(kn, kn−2) ≡
∑
PL
∑
Nn
e−knNnZ(Nn, kn−2) (2.10)
is the grand-anonial partition funtion in whih e−knNn an be onsidered as the
equivalent of the hemial potential. Anyway sine even in two dimensions the
sum over the PL-topologies is divergent ( see ref. [43℄ for a brief aount), many
times we will restrit to the only topology of the sphere in every dimension.
Let's start to examine the two dimensional ase. The Dehn-Sommerville equa-
tions (see [65℄ p. 62 and also [60℄ p. 80) are:
N2−N1+N0 = χ (Ta(PL)) (2.11)
2N1 = 3N2 ,
where χ (Ta(PL)) is the Euler-Poinare harateristi of the PL-manifold PL whose
triangulation is Ta(PL). As is well known in two dimensions, topologial manifolds
and PL-manifolds are equivalent and the topology, for ompat, onneted and
orientable two-dimensional manifolds , is ompletely lassied by the genus g of
the manifold [39℄. From the Dhen-Sommerville equations 2.12 we an express all
the omponents of the f-vetor (see [60℄ p. 78) as funtion of N2 and χ (Ta(PL)),
that is to say
N0 =
N2
2
+ χ (Ta(PL)) (2.12)
N1 =
3
2
N2 .
The asymptoti number of ombinatorial inequivalent triangulations of the
sphere S2 was alulated for the rst time by the mathematiian Tutte [40℄. The
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Figure 2.1: Feynman graph for the matrix model relative to the triangulations.
Eah line has two entries one for the row and other for the olumn of the matrix
M. In eah vertex there are always three double lines
underlying idea has been to map by the stereographi projetion the triangulations
of the sphere in planar triangulations and to enumerate them by the tehniques
of generating series built up by using the geometrial properties of the planar
triangulations. The result is the following
ρa(S
2, N2) ≍ N−
7
2
2 e
kc
2
N2 , (2.13)
where kc2 is a numerial onstant. It is important that the growth of the number
of the triangulations is at most exponential. In fat in the opposite ase the
divergenes make it impossible to dene a statistial theory like 2.7. The result
2.13 an be obtained again by using the quantum eld theory tehniques of the
matrix models [41℄. This tehniques is based on the use of the generating funtional
ZN(g) =
∫
dM exp
(
−
1
2
tr(M2) −
λ√
N
tr(M3)
)
(2.14)
in whih M is an N × N Hermitian matrix and λ the oupling onstant, dM is
the Haar-measure on this matrix group. The path-integral 2.14 will generate a
perturbative series whose Feynman diagrams an be represented as double line
one for eah index of the matrix Mij (see gure 2.1).
Sine in the equation 2.14 there is a trae of the produt of matries, the
Feynman diagrams have to be losed graphs. The fat that there are two lines
and the possibility of all ombinations of the indies means that in general the
graphs an be losed only on Riemann surfaes (see gure 2.2). Furthermore eah
Feynman graph orresponds to a dual triangulation.
It an be show that the perturbative series in λ relative to onneted Feynman
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Figure 2.2: An example of a seond order perturbation term whih is rappresented
by two double graphs of Tr(M3) whih an be losed on a two dimensional torus
double graphs generated by 2.14 an be arranged as power serie in N of the genus
g of the Riemann surfaes. It follows that the oeÆients of this series give the
generating funtions for the number of ombinatorial inequivalent dual triangula-
tions of a xed topology. Sine there is a one to one orrespondene between any
triangulation and its (topologial or metrial) dual we an obtain the generating
funtions of the ombinatorial inequivalent triangulations for any topology (see
[41℄ and also [42℄).
Another derivation of the formula 2.13 has been reently found [30℄ and is based
on the enumeration of the urvature assignment of the bones of the triangulation.
This estimate an be
extended to all two-dimensional topologies and to higher dimensions.
It follows that the two dimensional grandanonial partition funtion an be
written as
Z(k2, k0) =
∑
g
ek0χ(g)
∑
N2
Nγstr−32 e
−(k2−
k0
2
−kc
2
)N2
(2.15)
where χ(g) = 2− 2g. k2−
k0
2
− kc2 is alled the ritial line sine for k2 >
k0
2
+ kc2
the partition funtion is onvergent and for k2 <
k0
2
+ kc2 the partition funtion is
divergent. γstr is the exponent of the string suseptibility. This exponent, that in
two dimensions is equal to −1
2
, ontrols the divergent part of the partition funtion.
More preisely if we x the genus g and onsider the limit k2 7→ (k02 + kc2)+, we
have that from 2.15
lim
k2 7→(k02 +kc2)+ Zg(k2, k0) = Z
reg
g + (k2−
k0
2
− kc2)
2−γstr
(2.16)
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with Zregg the nite part (if any) of the partition funtion near the ritial line.
It is now lear that the disontinuity points of the partition funtion are on this
line, so an eventual ritial point is on this line.
As regard the sum over the genus g of the surfae it is divergent and even not
Borel summable. There is a (non-rigorous) way to dene a renormalizzation for
this series known as double saling limit (see [43℄ for a brief aount). Anyway, in
general, we will restrit to a given topology, for example the sphere S2.
In three and four dimensions in the ase of the sphere topology the estimate
[30℄ gives, for the miroanonial partition funtion, an exponential bound. In
partiular by posing Nn−2 = Nnη we have that [30℄
ρa(S
n, Nn, Nn−2) = g(Nn, η)e
Nnq(η), n = 3, 4 , (2.17)
where g(Nn, η) has a subleading growing in Nn respet to the exponential fator
eNnq(η). As we will see in the following geometrial arguments x the range of η in
the losed interval [η1, η2]. So that using the Euler-Malaurin summation formula
[44℄ we an approximate the sum by the integral so that the anonial partition
funtion is
Z(Sn, Nn, kn−2) ≍
∫η2
η1
g(Nn, η)e
Nnq1(η,kn−2)dη (2.18)
where q1(η, kn−2) = q(η) + ηkn−2. We an use the Laplae method for giving
an asymptoti estimate of the integral 2.18. We have to ompute the point of
absolute maximum η∗ of the funtion q1(η, kn−2) in the interval of integration. In
general this point will be a funtion of kn−2, that is η
∗ = η∗(kn−2). So we have
Z(Sn, Nn, kn−2) ≍ g(Nn, η∗(kn−2))eNnq1(η∗(kn−2),k2) . (2.19)
We dene kcn(kn−2) ≡ q1(η∗(kn−2), k2), so that the grand-anonial partition fun-
tion is
Z(Sn, kn, kn−2) ≍
∑
Nn
g(Nn, η
∗(kn−2))e
−Nn(kn−k
c
n(kn−2)) . (2.20)
It is lear that now the ritial line is kn = k
c
n(kn−2) with the same meaning as in
the two dimensional ase.
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2.3 Green Functions in Dynamical Triangulations
Sine the geometry in General Relativity has a dynamial role, the denition of
the Green funtion in Quantum Gravity is dierent from ordinary quantum eld
theory.
The formal ontinuum denition of the unnormalized two point funtion is the
following
G2(Λ,G, r) ≡
∑
Top(M)
∫
D(g)e−SE−H(M,g)∫
(M,g)
dny
√
det g(y)
∫
(M,g)
dnx
√
det g(x)δ(dg(x, y) − r) (2.21)
where Λ and G are respetively the osmologial and gravitational onstant, the
sum is over the topologial strutures of the dierentiable manifoldM, the measure
D(g) is over the Riemannian struture allowed by M, SE−H is the Einstein-Hilbert
ation and dg(x, y) is the geodesi distane between the points x and y on the
Riemannian manifold (M,g). To normalize G2(Λ,G, r) we have to divide it by
the partition funtion. So in this denition we have to perform a sort of average
over all points of the Riemannian manifold (M,g) that are at distane r. In the
disrete we annot transfer verbatim the above denition due to the oordinate
invariane of the dynamial triangulations. It is neessary to dene the two point
funtion in suh a way that the analogous quantities, in the disrete, of x and y
in the ontinuum have a dependene from the ut-o a.
A path in a triangulation Ta of a n-dimensional PL-manifolds is a sequene
{Sj}
l
j=1
of l n-dimensional simplies with the property that Sj and Sj+1 (Sj+1 6= Sj)
have a ommon fae, that is to say I(Sj, Sj+1) = 1 (see [8℄ p. 526). Suppose that
the path does not interset itself, that is to say I(Sp, Sq) = 1 if and only if or
q = p − 1 or q = p + 1, we all it a simple path. In this ase we an dene the
length of the path {Sj}
l
j=1
as the number of the faes that the l simplies have in
ommon, that are l − 1. This denition omes from graph theory, in fat if we
think to the dual of the path {Sj}
l
j=1
, every simplex is mapped into a vertex, and
the fae between two simplies is mapped into a edge joining the two verties. So
the length of the path is equal to the number of the dual edge of the path (see g.
2.3 ).
We dene the distane between two simplies A and B of the triangulation Ta
as the length of the simple path whih has the minimal length among all simple
paths {Sj}
lq
j=1
suh that S1 = A and Slq = B.
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S1 S2
S
3
Si
Sj
Sn
I(S
1,
S
1
I(S) S
n n
)
I( S Sk+1, ) I(Sk , Sk k -1 )= =1;
I( S Sk ), =
,
k +2 0 ;
=1 ; =1 ;
Figure 2.3: A simpliial path between the two simplies S1 and Sn of a trian-
gulation. The simpliial path is simple and its dual is obtained by joining the
barienters or the irumenters of the path's simplies. On this path the proper-
ties of the inidene matrix I are illustrated
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Let's now give the denition of unnormalized miro-anonial Green funtion.
The unnormalized miro-anonial Green funtion is dened as [64℄
G(PL, r,Nn, Nn−2) ≡
∑
#Ta(PL,r,Nn,Nn−2)
1 (2.22)
where
∑
#Ta(PL,r,Nn,Nn−2) is the number of inequivalent equilateral triangulations
Ta(PL, r,Nn, Nn−2) of a PL-manifold PL with two labelled n-simplies at xed
distane r and with xed number Nn and Nn−2 of respetively n and n − 2 sim-
plies. The normalized partition funtion is obtained by dividing 2.22 by the
miroanonial partition funtion. So on we have that the anonial Green fun-
tion is
G(PL, r,Nn, kn−2) ≡
∑
Nn−2
e−kn−2Nn−2G(PL, r,Nn, Nn−2) (2.23)
and nally the grand-anonial Green funtion
G(PL, r, kn, kn−2) ≡
∑
Nn
eknNnG(PL, r,Nn, kn−2) . (2.24)
From the grand-anonial Green Funtion we an dene another quantity often
used in the literature the suseptibility χ(PL, kn, kn−2) whih is dened in the
following way
χ(PL, kn, kn−2) ≡
∞∑
r=0
G(PL, r, kn, kn−2) . (2.25)
In the previous denition we an exhange the sum over r with all the sums in
the denition of the grand-anonial Green funtion 2.24 up the miro-anonial
Green funtion 2.22. So that we will have
χ(PL, kn, kn−2) =
∑
Nn
eknNn
∑
Nn−2
e−kn−2Nn−2
∑
r
∑
#Ta(PL,r,Nn,Nn−2)
1 . (2.26)
The last two sums in the left hand side of the previous equation are the number of
inequivalent triangulations with two labelled n-dimensional simplies. For large
value of Nn we will expet that asymmetrial triangulations will prevail in the
miro-anonial ensemble (this is, for example, true for two-dimensional onvex
polyhedra [45℄, for same partiular planar triangulations [46℄ and planar maps [47℄
and it is onjetured for all planar maps. In four dimensions this is veried, so to
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say, indiretly beause one we do this antsaz and derive the formula for the num-
ber of baby universes(see appendix B) it is in good agreement with the numerial
simulations [48℄ [52℄ [55℄). In this hypothesis for eah labelling of a n-simplex we
will produe a number of ombinatorially inequivalent triangulation that asymp-
totially is Nnρa(PL,Nn, Nn−2). Finally the leading asymptoti estimate of the
number of ombinatorially inequivalent triangulations with two labelled simplies
is ∑
r
∑
#Ta(PL,r,Nn,Nn−2)
≍ N2nρa(PL,Nn, Nn−2) (2.27)
Then the suseptibility 2.25 is equal to
χ(PL, kn, kn−2) ≍
∑
Nn−2
N2ne
−knNnZ(PL,Nn, kn−2) (2.28)
so that
χ(PL, kn, kn−2) ≍ ∂
2
∂k2n−2
Z(kn, kn−2,PL) . (2.29)
Near the ritial line kn 7→ (kcn(kn−2))+ we will have the following asymptoti
behaviour of the suseptibility
lim
kn→(kcn(kn−2))+ χ(PL, kn, kn−2) ≍ χreg+
1
(kn− kcn(kn−2))
γstr
(2.30)
where χreg is the nite part (if any) of the suseptibility.
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Chapter 3
The Geometry of the Elongated
Phase of 4-D Simplicial Quantum
Gravity
3.1 Introduction
In this hapter we are going to disuss in detail the elongated phase of 4-D dy-
namial triangulations. The early numerial simulations in four dimensions have
produed some evidene of the presene of two distint phases in the ensemble of
four dimensional triangulations: the rumpled phase and the elongated phase [49℄
[50℄ [51℄ (it is interesting to remark that this piture emerges also in the simulations
of 4D quantum Regge alulus [15℄ [16℄ [17℄). The rumpled phase is haraterized
by the presene of few bones and many four simplies inident on them. There
are very few baby universes (see appendix B). The elongated phase is harater-
ized by the presene of many bones and of many baby universes of smallest size
(blips). These fats have enouraged people to use the relative abundane of baby
universes as an order parameter to distinguish these two phases.
Anyway it was still unlear why in the elongated phase there is an upper kine-
matial bound on the values of η = N2
N4
and a prevalene of simple tree-graphs
(branhed polymers) whih appear as a model of proliferating baby universes [59℄.
Established in [30℄ in setion 3.2 we explain that the upper kinematial bound on
the values of η is due to the Walkup's theorem for the triangulations of the four
sphere. In partiular this theorem xes the upper value of η in the large-N4 limit
N4 7→∞. In setion 3.3 we introdue a reent [30℄ [92℄ analytial estimate for the
anonial partition funtions for dynamial triangulations in four dimensions rel-
ative to the triangulations of the sphere S4. This estimate has the right behaviour
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in the limit N4 7→ ∞, beause the average urvature 3.16 in the elongated phase
remains onstant in perfet agreement with Walkup's theorem. Furthermore this
theorem says also that the dominating ongurations in this phase are "Staked
Spheres". In setion 3.4 we disuss how the staked spheres have a simple tree
struture and an be mapped into branhed polymers strutures (see appendix
A). However the problem arises that the map is not a one to one, sine there
are more staked spheres than branhed polymers. So in setion 3.5 we onsider
the ation of dynamial triangulations restrited to staked spheres and show that
the partition funtion over the ensemble of the staked spheres is equal or greater
than the partition funtion of branhed polymers whih are the immages of the
above map, and equal or less than a partiular model of branhed polymers. This
argument shows that the suseptibility exponent γs is less than one. To show
that γs =
1
2
we use an argument taken from the physial literature [64℄ [67℄. This
argument follows the line of a model introdued for the rst time in the theory of
random surfaes [63℄.
We take into aount some partiular kind of non standard triangulations and
put it in orrespondene with the model of staked spheres onsidered as a model
of proliferating baby universes. Physial arguments ensure that the two models
belong to the same universality lass and we show that the suseptibility exponent
is γs =
1
2
as for the branhed polymers.
These types of analytial results were already well known from Monte Carlo simu-
lations. An early analytial attempt, in the diretion of interpreting the elongated
phase as a staked spheres phase, has been done in referene [58℄ in whih a map
from a sort of staked sphere triangulations to branhed polymers is onsidered.
Anyway the deep reason for polymerization mehanism and with the kinematial
bound on the values of η is given only by Walkup theorem.
All these fats point out that the elongated phase of 4-D dynamial triangu-
lations is a mean eld phase, so that we expet that if we take the ontinuum
limit in the framework of Eulidean lattie eld theory (.f. [36℄ hap. 15), in this
phase, we will obtain a probabilisti Feynman measure whih is Gaussian, or, in
other words, a trivial theory
3.2 Walkup’s Theorem
As antiipated in setion 2.2 of hapter 2 due to geometrial onstraints the vari-
able η in four dimensions an vary in a nite interval [η1, η2]. The limits η1 and
η2 of this interval are xed respetively by the following Walkup theorem and
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Dehn-Sommerville equations [60℄.
Let us label the bones [69℄ by an index α and denote by q(α) the number of
four simplexes inident on it; the average number of simplexes inident on a bone
is
b ≡ 1
N2
∑
α
q(α) = 10
(
N4(Ta)
N2(Ta)
)
(3.1)
sine eah simplex is inident on 10 dierent bones. b ranges between two kine-
matial bounds whih follow from Dehn-Sommerville and a theorem by Walkup
[60℄. This latter theorem is also relevant in lassifying the "elongated phase" of
four-dimensional simpliial quantum gravity as we shall see below
Theorem 3.2.1 If T is a triangulation of a losed, onneted four-dimensional
manifold then
N1(T) ≥ 5N0(T) − 15
2
χ(T) (3.2)
Moreover, equality holds if and only if T ∈ H4(1 − 1
2
χ(T)), where the lass of
triangulations H4(n) is dened indutively aording to: (a) The boundary
omplex of any abstrat ve-simplex (Bdσ) is a member of H4(0). (b) If K is
in H4(0) and σ is a four-simplex of K, then K ′ is in H4(0), where K ′ is any
omplex obtained from K by deleting σ and adding the join of the boundary
omplex Bdσ and a new vertex distint from the verties of K. () If K is
in Hd(n), then K ′ is in Hd(n+ 1) if there exist two four-simplexes σ1 and σ2
with no ommon verties and a dimension preserving simpliial map φ from
K − σ1− σ2 onto K
′
whih identies Bdσ1 with Bdσ2 but otherwise is one to
one.
In other words H4(0) is built up by gluing together ve-dimensional simplexes
through their four dimensional faes and onsidering only the boundary of this
resulting omplex. H4(n) diers from H4(0) by the fat that it has n handles.
This way of onstruting a triangulation of a four-sphere has a natural onnetion
with the denition of a baby universe (see appendix B).
A baby universe is assoiated with a triangulation in whih we an distinguish two
piees. A piee that ontains the majority of the simplies of the triangulation
that is alled the "mother", and a small part alled the "baby". In the "minbus"
(minimun nek baby universes) the two parts are glued together along the bound-
ary of a four dimensional simplex (in four dimensions) that is the "nek" of the
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baby universes. Thus the "staked spheres" an be onsidered as a network of
minbus in whih the mother is disappeared and the baby universes have a min-
imal volume, that is the boundary of a ve simplies minus the simplies of the
neks through whih they are glued to the others . We will exploit this parallel in
setion 3.4 to give an estimate of the number of distint staked spheres.
In four-dimensions Dehn-Sommerville equations [60℄ are
N0−N1+N2−N3+N4 = χ (3.3)
2N1− 3N2+ 4N3− 5N4 = 0
2N3 = 5N4 ,
substituting the third equation in the seond we have
N1 =
3
2
N2−
5
2
N4 , (3.4)
and substituting these last equation in the rst equation of 3.4 we get
N0−
1
2
N2+N4 = χ . (3.5)
This imply that
b ≤ 5+ 10χ
N2
, (3.6)
and substituting 3.4 and 3.5 in 3.2 we obtain
b ≥ 4− 10χ
N2
. (3.7)
Thus in the limit of large N2, 4 ≤ b ≤ 5.
3.3 Canonical Partition Function
Now we introdue more extensively the results in four dimensions for the anonial
partition funtion whih has been rapidly summarized in setion 2.2 of hapter 2.
Reently it has been analytially shown [30℄ [92℄ that the dynamial triangulations
in four dimensions are haraterized by two phases: a strong oupling phase in
the region kinf2 = log9/8 < k2 < k
crit
2 and a weak oupling phase for k2 > k
crit
2 .
kcrit2 is the value of k2 for whih in the innite volume limit the theory has a
phase transition from the strong to the weak phase (for a detailed analysis see
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[30℄). The transition between these two phases is haraterized by the fat that
the sub dominant asymptoti of the number of distint triangulations passes from
an exponential to polynomial behaviour (.f.[30℄). Presently the preise value of
kcrit2 has not been established yet, it is just known that it is lose but distint from
kmax2 = log4, reent numerial simulations suggest that k
crit
2 = 1.24.
In the strong oupling phase the leading term of the asymptoti expansion of the
anonial partition funtion is (.f. [30℄)
Z(N4, k2) = c4
(
A(k2) + 2
3A(k2)
)−4
N4
−5exp[−m(η∗)N
1
nH ]
exp
[
[10log
A(k2) + 2
3
]N4
]
(3.8)
where for notational onveniene we have set
A(k2) ≡
27
2
ek2 + 1+
√
(
27
2
ek2 + 1)2− 1
1/3
(3.9)
+
27
2
ek2 + 1−
√
(
27
2
ek2 + 1)2− 1
1/3− 1
and
η∗(k2) =
1
3
(1−
1
A(k2)
) . (3.10)
The expliit form ofm(η∗(k2)) and nH, the Hausdor dimension, are at present
unknown.
In the weak phase k2 > k
crit
2 the number of distint dynamial triangulations
with equal urvature assignment have a power law behaviour in N4. The phase
is haraterized by two distint asymptoti regimes of the leading term of the
anonial partition funtion: the ritial oupling regime and the weak oupling
regime. In the ritial oupling regime kcrit2 < k2 < k
max
2 we have
Z(N4, k2) ≍ c4
(
A(k2) + 2
3A(k2)
)−4
N4
τ(η∗)−5
exp
[
[10log
A(k2) + 2
3
]N4
]
, (3.11)
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in whih τ(η∗) is not expliitly known.
Instead in the weak oupling regime k2 > k
max
2
Z(N4, k2) ≍ c4e√
2π
η−1/2max(1− 2ηmax)
−4√
(1− 3ηmax)(1− 2ηmax)
( ̂N4+ 1)τ−11/2
·e
(N̂4+1)f(ηmax,k2)
ksup2 − k2
(3.12)
in whih ηmax = 1
4
for the sphere S4, ̂N4+ 1 = 10(N4+ 1) and
f(η, k2) ≡ −η logη+ (1− 2η) log(1− 2η) − (1− 3η) log(1− 3η) + k2η . (3.13)
From this form of the anonial partition funtion it follows that in the ase of the
sphere S4 and in the innite volume limit the average value of b, see equation (3.1),
is a dereasing funtion of k2 in the ritial oupling regime and it is onstantly
equal to 4 in the weak oupling regime, that is to say
lim
N4 7→∞ < b >N4=
1
η(k2)
, kcrit2 ≤ k2 ≤ kmax2
lim
N4→∞ < b >N4= 4, k2 ≥ kmax2 . (3.14)
If we look at the average urvature we have
lim
N4→∞
1
N4
<
∑
B
K(B)vol4(B) >= πa
2
√
3
(
10η∗(k2) −
5
π
cos−1
1
4
)
kcrit2 < k2 ≤ kmax2
(3.15)
and
lim
N4→∞
1
N4
<
∑
B
K(B)vol4(B) >= πa
2
√
3
(
5
2
−
5
π
cos−1
1
4
)
k2 > k
max
2 ,
(3.16)
in whih vol4(B) is the volume of the four simplexes inident on the bone B,
and it is a4
√
5
24·6q(B). As we have already said the value of the average urvature
is saturated.
This result was already known in numerial simulations [59℄ and, as we will see
in detail in the next setion, it is due to the prevalene of staked spheres in the
weak oupling regime.
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3.4 Elongated Phase
We have seen that in the ase of triangulations of the sphere S4 for k2 7→ log 4,
in the innite volume limit < b >N4 7→ 4. Walkup's theorem [60℄ implies that the
minimum value of b is reahed on triangulations K of the sphere S4 that belong
to H4(0) (staked spheres). Then for k2 > log 4 one has < b >N4= 4, that means
that in this region of k2 the statistial ensemble of quantum gravity is strongly
dominated by staked spheres.
As expliitly shown in [60℄, the elements of H4(0) an be put in orrespondene
with a tree struture. Let us reall that a d−dimensional simpliial omplex T ,
d ≥ 1, is alled a simple d−tree if it is the losure of its d−simplexes σ1, ..., σt
and these d−simplexes an be ordered in suh a way that:
Cl σj
⋂{j−1⋃
i=1
Cl σi
}
= Cl τj (3.17)
for some (d−1)-fae τj of σj, j ≥ 2, and where the τj are all distint. This ordering
of the simplexes of T indues a natural ordering of its verties in v1, ..., vt+d, where
vi+d is the vertex of σi not in Cl τi. Note that the interior part of T ontains the
simplexes σi and faes τi. The boundary of T , Bd T , onsists of the boundary of
the σi minus the τi, and is topologially equivalent to S
d−1
.
It an be shown[60℄, and it is very easy to hek, that any element of K ∈ Hd(0)
is the boundary of a simple (d + 1)-tree T , and that K determines uniquely the
simple (d+ 1)-tree T for d ≥ 2.
Note that any staked sphere K ∈ H4(0) an be mapped into a tree graph (see
also the referene [68℄). This mapping is dened in the following way, let's onsider
the (unique) simple ve-simple tree T assoiated with K, every ve-simplex is
mapped into a vertex and every four-dimensional fae in ommon with two ve
simplexes is mapped into an edge whih has endpoints at the two verties whih
represent the two ve simplexes (see g. 3.1).
Sine the map between K and T is one to one, we have a map from a staked-
sphere into a tree-graph whose number of links at every vertex an be at most 6
( sine a ve simplex has six faes). This map, from the staked spheres H4(0)
to the simple tree-graphs, is not one to one. The mathematial reason is that the
previous onstrution maps every T to a tree-graph by an appliation that is the
dual map restrited to the ve and four dimensional simplexes of T in its domain
and whose image is the tree graphs that are the 1-dimensional skeleton of the dual
omplex. It is well known that the dual map is a one to one orrespondene only
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Φ
Dual
Map
Branched Polymer
Stacked Sphere
Figure 3.1: Two dimensional staked sphere that is mapped into a branhed
polymer by the dual map Φ
if we take in aount the simplexes of T of any dimension. It follows that our map
is suh that a simple tree-graph may orrespond to many staked spheres. To
illustrate better this point we shall use a piture loser to the physial intuition.
Let us onsider a staked sphere K and its simple tree T . Consider on T one
of its ordered simplexes σj and let τj be the fae that it shares with one of the
simplexes σ1, ..., σt introdued previously. Repeating the same arguments used
in the alulations of the inequivalent triangulations for baby universes [57℄ (see
also appendix B), we an ut T in τj in two parts, suh that eah part has two
opies of τj as a part of its boundary. Sine τj is a four dimensional simplex it
is easy to admit that we an glue this two dierent opies in 5 · 4 · 3 ways to
rebuild again a simple ve tree T ′. In general all the possible gluings will generate
distint triangulations and onsequently distint staked spheres (if the two parts
are highly symmetri triangulations some of the 60 ways of joining will not be
distint but, sine for large N4 asymmetrial triangulations will dominate, the
number of ase in whih this will happen will be negligible). The orresponding
tree graph assoiated with these ongurations T ′ will always be the same sine
this operation has not modied the one skeleton of the tree T .
In statistial mehanis simple-tree strutures orrespond to "branhed-polymers"
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(see appendix A). So we have that for k2 ≥ kmax2 the dominant ongurations for
the triangulations of S4 are branhed polymers. This fat was already observed in
numerial simulations in four dimensions. In [61℄a network of baby universes of
minimum nek (minbu) and of minimum size (blips) without a mother universe
was obtained. These have been interpreted as branhed polymer like strutures.
3.5 Stacked Spheres and Branched Polymers
In this setion we will establish a parallel between the standard mean eld theory
of branhed polymers and the staked spheres, in the sense that we will use the
ounting tehniques of branhed polymers to give an upper and lower estimate of
the number of inequivalent staked spheres. As we have stressed in the previous
setion there exists a map between the staked spheres and tree graphs and this
map is not one to one in the sense that there are more staked spheres than tree
graphs. This means that the number of inequivalent staked spheres with a xed
number N5 of ve-simplexes is bounded below by the orresponding number of
tree graphs. Now we will study the statistial behaviour of the tree graphs using
the measure of simpliial quantum gravity and restriting it to the staked spheres.
In this analysis we shall follow the theory of branhed polymers as explained in
appendix A. The reader may refer to it for the details. A more mathematial
analysis on the enumeration of inequivalent tree graphs is ontained in [62℄.
First of all we notie that the boundary of a ve-simplex has six four-simplexes
and every edge of a tree graph orrespond to a anellation of two four-simplexes
in the orresponding boundary of the staked sphere. Sine in a tree graph with
N5 verties there are N5−1 edges, we have that the boundary of a staked sphere,
whose orresponding tree graph has N5 points, is made by a number N4 of four-
simplexes
N4 = 4N5+ 2 . (3.18)
From the ondition for staked spheres (3.2), we have that the Einstein-Hilbert
ation, for dynamial triangulations, restrited to the staked spheres is
S = N4(k4−
5
2
k2) − 5k2 . (3.19)
It follows that the Gibbs fator for the ensemble of tree graphs (branhed
polymers) orresponding to staked spheres is
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exp
(
−(4N5+ 2)(k4−
5
2
k2) + 5k2
)
. (3.20)
Following the same notation as in A.1 , let r6(N5) be the number of inequivalent
rooted tree graphs with N5 verties and with at most six inident edges on eah
vertex, with one rooted vertex with one inident edge. ξ6(N5) is the number of
inequivalent tree graphs with N5 verties. By A.3 we have
ξ6(N5) =
1
N5
r6(N5+ 1) (3.21)
Now let R6(k4, k2) be the partition funtion for rooted tree graphs with statistial
weight (3.20), and Z6(k4, k2) be the partition funtion for unrooted tree graphs.
We have
R6(k4, k2) ≡
∞∑
N5=2
e−(4(N5−1)+2)(k4−
5
2
k2)+5k2r6(N5) (3.22)
Z6(k4, k2) ≡
∞∑
N5=1
e−(4N5+2)(k4−
5
2
k2)+5k2ξ6(N5) (3.23)
Let's dene
R∗6(△k4) ≡
(
e−2(k4−5)R6(k4, k2)
)
=
∞∑
N5=2
e−4(N5−1)△k4r6(N5) (3.24)
Z∗6(△k4) ≡
(
e−2(k4−5)Z6(k4, k2)
)
=
∞∑
N5=1
e−4N5△k4ξ6(N5) , (3.25)
where △k4 ≡ k4− 52k2. It is easy to see, from 3.21, that
R∗6(△k4) = −1
4
d
d△k4Z
∗6(△k4) . (3.26)
From A.11 we know that the asymptoti behavior of the suseptibility χ(k4, k2) is
given by
χ(k4, k2) ≍ ∂
2
∂k24
Z(k4, k2) (3.27)
Then
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χ(△k4) ≍ d
2
d(△k4)2Z
∗6(△k4) ≍ d
d(△k4)R
∗6(△k4) (3.28)
Now we shall study the ritial behaviour of this system in order to obtain
some information about the ritial behaviour of the staked spheres.
From the identity A.12 we have that
R∗6(△k4) = e−4△k4
 5∑
γ=0
1
γ!
[R∗6(△k4)]γ
 . (3.29)
This last equation suggest to dene a funtion F(R∗6,△k4) of R∗6 and △k4 and to
apply the impliit funtion theorem to it in
order to obtain information on △k4 as a funtion of R∗6.
More preisely the following funtion F(R∗6,△k4) of R∗6 and △k4
F(R∗6,△k4) ≡ R∗6− e−4△k4
 5∑
γ=0
1
γ!
[R∗6]γ

(3.30)
at the point
(
(R∗6)0, (△k4)0
)
where
F((R∗6)0, (△k4)0) = 0 , (3.31)
if it is true the following ondition
∂F
∂△k4
∣∣∣∣∣
((R∗6)0,(△k4)0)
, (3.32)
denes by the impliit funtion theorem, loally, △k4 as
funtion of R∗6.
Dierentiating equation 3.29 we get a dierential equation for R∗6(△k4)
d
d△k4R
∗6(△k4) = −4R∗6(△k4)
[
1+
e−4△k4
5!
(R∗6(△k4))5− R∗6(△k4)
]−1
(3.33)
So R∗6(△k4) shows a singularity when
R∗6 ((△k4)c) = 1+ e
−4(△k4)c
5!
(
R∗6((△k4)c)
)5
(3.34)
This equation has only one positive solution and sine
d
d△k4R
∗6|(△k4)c diverges, the
inverse funtion tends to zero
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d(△k4)(R∗6)
dR∗6
∣∣∣∣∣
(△k4)c
7→ 0 (3.35)
Observe that F(R∗6,△k4) is an analyti funtion, and in the point
(
(R∗6)c, (△k4)c
)
xed by equation 3.34, we have
∂F
∂△k4
∣∣∣∣∣
((R∗6)c,(△k4)c)
= 4e−4(△k4)
c
 5∑
γ=0
1
γ!
[(R∗6)c]γ
 > 0 (3.36)
and pairwise
∂F
∂R∗6
∣∣∣∣∣
((R∗6)c,(△k4)c)
= 1− e−4(△k4)
c
 5∑
γ=0
1
γ!
[(R∗6)c]γ
 = 0 , (3.37)
this last equation explains why we annot express in the neighbourhood of
(
(R∗6)c, (△k4)c
)
R∗6 as funtion of△k4 by applying the impliit funtion theorem to 3.30. These ar-
guments are enough to say that in the neighbourhood of
(
(R∗6)c, (△k4)c
)
(△k4)(R∗6)
is an analyti funtion of R∗6. Let us x the following notation
FRc ≡ ∂F
∂R∗6
∣∣∣∣∣
((R∗6)c,(△k4)c)
F△kc
4
≡ ∂F
∂△k4
∣∣∣∣∣
((R∗6)c,(△k4)c)
(3.38)
FRcRc ≡ ∂
2F
∂(R∗6)2
∣∣∣∣∣
((R∗6)c,(△k4)c)
and so on. It is straightforward to alulate that
FRcRc = −e
−4(△k4)c
 3∑
γ=0
1
γ!
[(R∗6)c]γ
 < 0 . (3.39)
Applying again the impliit funtion theorem we obtain
d2(△k4)(R∗6)
d(R∗6)2
∣∣∣∣∣
(△k4)c
= −
FRcRc
F△kc
4
> 0 . (3.40)
All these fats allow to write the following expansion
△k4(R∗6) −△k4c = 1
2
d2(△k4)(R∗6)
d(R∗6)2
∣∣∣∣∣
R∗6((△k4)c)
(
R∗6(△k4) − R∗6(△k4c)
)2
+o
((
R∗6(△k4) − R∗6(△k4c)
)2)
. (3.41)
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So near (△k4)c we an write
R∗6(△k4) ≍ R∗6((△k4)c) + C ((△k4) − (△k4)c)
1
2
(3.42)
From (3.28) we get
χ6(△k4) ≍ ((△k4) − (△k4)c)−
1
2
(3.43)
This means that the ritial exponent of the suseptibility for the system of these
tree graphs is γ = 1
2
.
The partition funtion that has been studied is a lower estimate of the partition
funtion of the staked spheres. Consider, now, a staked sphere K and a fae τj
through whih two ve-simplexes are glued together (a link on the orresponding
tree graph). We an glue two four fae of a staked sphere in 5·4·3 dierent
ways, for large number of simplexes this will generate distint ongurations of
staked spheres whose assoiated tree-graph is always the same. Repeating the
same argument for every j, j = 1, ..., N5 − 1, (that is to say for every link of
the dual tree graph) we obtain a fator, (5·4·3)N5−1, that multiplied by r6(N5)
and ξ6(N5), gives an upper bound on the number of , respetively, rooted and
unrooted inequivalent staked spheres. In other words
Ztree(k4, k2) ≤ Zs.s.(k4, k2) ≤ ~Ztree(k4, k2) (3.44)
where Ztree(k4, k2) is the partition funtion for tree graphs studied above, Zs.s.(k4, k2)
is the partition funtion for staked spheres and
~Ztree(k4, k2) is the partition fun-
tion for tree graphs with the additional weight dened above.
A similar analysis as for Ztree(k4, k2) shows that the ritial line of ~Ztree(k4, k2) is,
of ourse, a straight line parallel and above respet to the k4 axis to Ztree(k4, k2)
one, and the suseptibility exponent is again γ = 1
2
.
Obviously the estimates (3.44) are true for the anonial partition funtions too,
Ztree(N4, k2) ≤ Zs.s.(N4, k2) ≤ ~Ztree(N4, k2) , (3.45)
and the previous alulations show that
Ztree(N4, k2) ≍ N−
5
2
4 e
−N4(k4−
5
2
k2−t4)
(3.46)
and
~Ztree(N4, k2) ≍ N−
5
2
4 e
−N4(k4−
5
2
k2+t4−
1
4
log 60) , (3.47)
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where t4 is a onstant that may be alulated by the equation 3.34. More easily
from the table in referene [62℄ we get that t4 ≈ 14log 0.34.
The irumstane that in the weak oupling region the partition funtion of quan-
tum gravity, as found in an analytially way in [30℄, is strongly dominated by
staked spheres, allows us to write
Zs.s. ≍ Nγs−34 eN4k
c
4
(k2) , (3.48)
where γs is the suseptibility exponent [52℄.
Thus the ritial line of the staked spheres is a straight line parallel and among
the ritial lines of the systems of the two branhed polymers. This implies
k4−
5
2
k2+ t4 ≤ kc4(k2) ≤ k4−
5
2
k2+ t4−
1
4
log 60 (3.49)
Moreover from the equations 3.46 and 3.47 the one loop green funtions [64℄
of the two model of branhed polymers have respetively , near their ritial lines
, the asymptoti behaviour
Gtree(△k4) ≍ cost1+ (△k4−△k4c) 12 ~Gtree( ~△k4) ≍ cost2+ ( ~△k4− ~△k4c) 12
(3.50)
This last equation together the equations 3.45 and 3.48 prove that the one loop
funtion of the staked spheres Gs.s.(k4, k2) near the ritial line has the asymptoti
behaviour
Gs.s.(k4, k2) ≍ cost3+ (k4− kc4(k2))1−γs , (3.51)
with γs < 1 (the value γs = 1 is not allowed beause in this ase the one loop
green funtion of staked spheres at the ritial line would have a behaviour like∑∞
N4=5
1/N4 that is divergent and then inompatible with the upper bound given
by the seond equation of 3.50).
Motivated by physial onsiderations, we an use a well known argument [64℄
[67℄ in favor of the fat that the suseptibility exponent of the staked spheres is
γs =
1
2
. More preisely we will show that a model of proliferating baby universes,
with the measure of quantum gravity restrited to staked spheres, an be put in
orrespondene with the statistial system of staked spheres.
Let us onsider four dimensional triangulations that are (boundary of the) staked
spheres in whih there an be loops made by two three-dimensional simplexes.
This is possible whenever the staked spheres are pinhed on a three simplex
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reating a bottle nek loop of two three-simplexes. These loops ould be either
the loops of a Green funtion or the minimumbottle nek of a baby universes. This
lass of triangulations, following the notation in literature, is alled T2. The other
lass of triangulations is the staked spheres in whih the minimum loop length
an be made by the boundary of a four-simplex that are ve three-simplexes. We
all this last lass T5.
In the two dimensional theory, the introdution in T2 of two-link loops (the
two dimensional analogous of two three-simplex loop) orresponds in the matrix
model φ3 to onsider Feynman diagrams with self-energy (.f. [64℄ [67℄).
Sine the minima loops of T2 and T5, for whih they dier, are of the order of
lattie spaing we will expet that the two lasses of triangulations, as a statistial
mehanis system, oinide in the saling limit, that is to say they belong to the
same universality lass.
Let's onsider the minimum nek one loop funtion G(△k4) in T2. In every
triangulation of T2 we an ut out the maximal size baby universe of minimum
nek and lose the two three-simplex loop. We will obtain again a triangulation
that belongs to T2. In this way we will obtain all the triangulations of T2 from the
triangulations of the staked spheres T5 onsidering that for eah three-simplex
either leave them in their atual form or we an open the triangulation to reate
a two three-simplex loop and gluing on it a whole one loop universe G(△k4). We
note that in the triangulations of T5 N3 = 5/2N4 (Dehn-Sommerville). Calling
the one loop funtion of T5 G(△k4), the above onsiderations lead to the identity
G(△k4) =
∑
T∈T5
e−N4△k4(1+G(△k4))N3 =
∑
T∈T5
e−N4△k4 = G(△k4) , (3.52)
in whih △k4 = k4 − 5/2k2 omes out from restriting the ation of quantum
gravity to staked spheres 3.19, and where we have dened
△k4 = △k4− 5
2
log (1+G(△k4)) . (3.53)
By 3.52 we an also write last equation as
△k4 = △k4+ 5
2
log
(
1+G(△k4)
)
. (3.54)
By universality and the estimates (3.45) it follows that near the ritial point we
have that G(△k4) ≍ cost+ (△k4−△kc4)1−γs with γs < 1.
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The suseptibility funtions of T2 and T5 by 3.52 are
χ(△k4) ≍ − d
d△k4G(△k4) χ(△k4) ≍ −
d
d△k4
G(△k4) (3.55)
From 3.54 we have
d(△k4)
d(△k4)
= 1−
5
2
χ(△k4)
(1+G(△k4)
. (3.56)
If we alulate di derivative with respet to △k4 of the one loop funtion G(△k4)
and use the previous equation we get
χ(△k4) = χ(△k4)
1− 5
2
χ(△k4)
(1+G(△k4)
. (3.57)
Now it is lear that χ(△k4) 7→ +∞ for △k4 7→ (△k4)c and with the same
ritial exponent χ(△k4) 7→ +∞ for △k4 7→ (△k4)c. From equation (3.57) when
χ(△k4) 7→ +∞ we have that χ (△k4) 7→ 25(1 + G (△k4(△k4c))) < +∞, then the
system T5 is above his ritial line, i.e. △k4(△k4c) > △k4c. These fats imply
that at △k4(△k4c) d(△k4)/d(△k4) = 0 and around it χ(△k4)/(1+G(△k4)) is a
dereasing monotoni funtion by equation 3.56 beause χ(△k4) 7→ +∞ , we an
expand equation 3.54 and 3.57 around △k4(△k4c)
△k4−△k4c = cost
(
△k4−△k4(△k4c)
)2
. (3.58)
χ(△k4) ≍ 1△k4−△k4(△k4c)
≍ 1√
△k4−△k4c
. (3.59)
The seond asymptoti equality of the last equation implies
γs =
1
2
(3.60)
The dominane of staked spheres in the weak phase allows us to x the param-
eter τ in the partition funtion of quantum gravity in the weak oupling regime.
τ−
11
2
= −
5
2
=⇒ τ = 3 (3.61)
These onsiderations put evidene that the branhed polymer phase of 4-D
Dynamial Triangulations is a mean eld phase.
Chapter 4
Lattice Gauge Theory of Gravity
4.1 Introduction
The model of dynamial triangulations, that we have analysed up to now, has been
very popular in reent years. The reason of this is due to the exellent results in
two dimensions where the ritial exponents oinide perfetly with the ritial
exponents of two dimensional ontinuum quantum gravity. This has enouraged
people to explore
the model in four dimensions. The main aim has been to explore the dynamis
of this disrete theory in order to dene a four-dimensional quantum theory of
gravity at the ritial point (if any) of the parameters spae. At the beginnings
a seond order phase transition has been observed by numerial simulations [52℄.
Suessive and more aurate simulations [53℄ [54℄ have shown that the phase
transition is of rst order.
At the moment the situation is not ompletely lear and further investigations
seem neessary, but the general agreement of the sienti ommunity about the
rst order nature of the phase transition points out that it is neessary to nd a
new lattie theory of gravity whih ts with the general requirements of Eulidean
lattie eld theory. The following model is an attempt in this diretion and might
be an answer to this request. It has been proposed originally and independently by
dierent authors [8℄ [72℄ [79℄, and the original part of the ontent of this hapter,
based on the work [91℄, is a ontinuation and an improvement of these attempts,
in partiular of [72℄ (onneted to this work are [73℄ [74℄). We begin in setion 4.2
by reviewing some onepts ontained in [72℄ and in partiular we show how to
assoiate to eah dual Vorono edge (see appendix C and referenes [18℄ [19℄ and
[20℄ p. 395) of the original n-dimensional simpliial omplex a Poinare transfor-
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mation by xing an orthonormal referene frame in eah n-dimensional simplex.
Then we reall the group theoretial ation whih is a funtional of the sine of
the deit angles. Respet to the original work [72℄ it is shown that the ation is
independent from the orientation of the hinges and from the starting n-simplex
in whih it is written .
In setion 4.3 following [72℄ we write the group theoretial ation
ompletely dened on the dual Vorono omplex of the original simpliial om-
plex. Two sets of variables play an important role: the onnetion matries
Uab(α, β) and the normals b
a
αβ(α) to the n−1 faes of eah n-simplex α. In the se-
ond order formalism the onnetion matries Uab(α, β) are funtions of the b
a
αβ(α).
As antiipated in [72℄ we follow a rst order formalism in whih we onsider the
Uab(α, β) and the b
a
αβ(α) as independent variables. A rst order formalism for
Regge alulus has been done by J. Barrett [77℄.
We impose that the rst order eld variables satisfy only the two onstraints 4.16
and 4.17. Finally, respet to [72℄, in the rst order formalism we dene a modied
ation in suh a way that it is dependent only from eah plaquette of the dual
Vorono omplex .
In setion 4.4 it is proved that the modied ation is independent from the
orientation of eah plaquette.
In setion 4.5 the eld equations for the onnetion matries Uab(α, β) are
derived in the rst order formalism in the approximation of "small deit angles".
It is proved that Regge alulus is a solution for these equations. This result is
no longer obvious in the rst order formalism when we onsider the onnetion
matries independent from the baαβ(α).
The equivalene of the rst order formalism to the (seond order) Regge alulus
is the main new result in this hapter.
In setion 4.6 we obtain the general eld equations on lattie. These equations
are divided in two sets. The set of equations for the onnetion matries Uab(α, β)
obtained by requiring that the ation is stationary under the variation of the
Uab(α, β), and the set of equations for b
a
αβ(α). These two sets of equations are
obtained by using the method of the Lagrange multipliers through whih we take
into aount the two sets of onstraints, one set on the linear dependene among
the baαβ(α) of the same simplex α and the seond set on the ondition that the
baαβ(α) and b
b
βα(β), as the expressions of the same normal to the n− 1 fae seen,
respetively, in the orthonormal referene frame of α and β, are onneted by the
matrix Uab(α, β). At the end of setion 4.6 we introdue a method to alulate the
Lagrange multipliers too.
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In setion 4.7 we dene a path-integral for this lassial theory of gravity on
lattie and we prove that this quantum measure is invariant under loal transfor-
mation of SO(n).
Finally in setion 4.8 we show as it is possible to dene in this framework
a oupling with fermioni matter following, as usual in lattie eld theory, the
example of the ontinuum theory.
The main feature of this model is that it is more general than Regge alulus
and dynamial triangulations. The introdution of a referene frame in eah n-
dimensional simplex is the key onept for whih this version of disrete gravity
is dierent from the previous one. This is a way to translate on lattie the general
priniple of loal invariane under a general Lie group whih implies a struture
, in the ontinuum, of a Prinipal Fiber Bundle with the bers isomorphi to a
Lie group (gauge theories) or to orthonormal referene frames onneted among
them by matries of SO(n) (General Relativity in the Riemmanian version). In
this sheme we an naturally write on lattie the oupling of gravity with other
fundamental fores and onsider extensions to more general theories than gravity
like, for example, supergravity (see for example [75℄ and [?℄).
4.2 Group Action for Simplicial Gravity
In this setion we shall introdue a group ation for simpliial gravity [72℄ on the
dual Vorono omplex [78℄ (see appendix C for a denition of Vorono ells ) of the
original simpliial omplex. In partiular we will see that it is possible to assoiate
to eah dual edge (α, α+ 1) a "Poinare" transformation U(α, α+ 1) as in lattie
gauge theories. Of ourse by a "Poinare" transformation from now on we mean
in general a SO(n) rotation and a translation.
We are now going to introdue a referene frame in eah n-dimensional simplex
and we shall see how these referene frames an be onneted by using oordinates
of the verties of the ommon n− 1-dimensional faes and a notion of Levi-Civita
onnetion on simpliial manifolds. Consider an hinge h and let {P1, ..., Pn−1} its
verties. Suppose that this hinge is shared by N n-simplies {S1, ..., SN} whose
verties are labelled in this way
Sα ≡ {P1, ..., Pn−1, Qα−1,α, Qα,α+1} (α = 1, ..., N) . (4.1)
In eah simplex Sα we an x an origin and a referene frame. In this frame
the verties of the simplex Sα have the following oordinates
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Pi ≡ {yai (α)} a = 1, ..., n , i = 1, ..., n− 1
Qα−1,α ≡ {zaα−1,α(α)}
Qα,α+1 ≡ {zaα,α+1(α)} (4.2)
Let's indiate by Dα the irumenter of the simplex α and let x
a(α) their
oordinates.
Now it is possible to assoiate uniquely to a dual edge an element of the Poinare
group U(α, α+ 1) ≡ {Uab(α, α+ 1), Ua(α, α+ 1)} by requiring that
Uab(α, α+ 1)y
b
i (α+ 1) +U
a(α, α+ 1) = yai (α)
Uab(α, α+ 1)z
b
α,α+1(α+ 1) +U
a(α, α+ 1) = zaα,α+1(α) , (4.3)
in other words we are embedding α and α + 1 in Rn and adopting the standard
notion of parallel displaement in R
n
and we transport the origin of the referene
frame of α + 1 from α + 1 to the origin of the orthonormal referene frame of α
[8℄ [72℄. This operation makes the position vetors in α + 1 of the verties of the
ommon fae Sα∩Sα+1 oinident with the position vetors of the same verties in
α. It follows that the matrix Uab(α, α+1) is an orthogonal matrix whih desribes
the hange from the referene frame of α+1 to α, onsidered now as two dierent
referene frame of the same vetor spae ([8℄). Sine the simpliial manifold is
assumed orientable [4℄ we an hoose the referene frame in α and α + 1 in suh
a way that Uab(α, α+ 1) are
SO(n) matries.
The family of all these matries determine a unique onnetion that is the Levi
Civita or Regge onnetion.
The arbitrariness of the hoie of the referene frame in eah simplex α im-
plies a sort of loal gauge invariane under Poinare transformations Λ(α) =
{Λab(α), Λ
a(α)}:
U(α, α+ 1) 7→ Λ(α)U(α, α+ 1)Λ−1(α+ 1) , (4.4)
in partiular the oordinates of the dual verties (the irumenters of the simplies
Sα) transform as x
a(α) 7→ Λab(α)xb(α) + Λa(α). Anyway from now on we deide
to put the origin of the referene frames in the irumenters, in suh a way we
always have xa(α) = 0.
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To the hinge h it orresponds the dual two-dimensional plaquette that we still
label by h. Now onsider the following plaquette variable
U(h)αα = U(α, α+ 1)U(α+ 1, α+ 2)...U(α− 1, α) . (4.5)
It is evident that U(h)αα leaves the oordinates of the verties of the hinge h un-
hanged and its translational part is zero. So it is a rotation of an angle θ(h) in
the two-dimensional plain orthogonal to the hinge. It is easy to see [82℄ that the
angle θ(h) is the deit angle [1℄
θ(h) = 2π−
N∑
α=1
θ(α, h) , (4.6)
where θ(α, h) are the dihedral angle of the simplies Sα with the hinge h.
Let's hoose n − 2 linear independent edge vetors Ea1 = y
a
1 − y
a
n−1, ...E
a
n−2 =
yan−2− y
a
n−1 belonging to h , and onsider the oriented volume V(h) ab(α) of h
V(h) ab(α) =≡ 1
(n− 2)!
ǫabc1...cn−2E
c1
1 (α)...E
cn−2
n−2 (α) . (4.7)
At this point it seems natural to propose the following gravitational ation
I = −
1
2
∑
h
(
Ua1a2αα
(h)V(h) a1a2(α)
)
(4.8)
where Ua1a2αα
(h)
are the elements of the orthogonal matrix 4.5. If we hoose a
referene frame in whih the rst two axis, 1 and 2, are on the two-dimensional
plane orthogonal to the hinge h the matrix Ua1a2αα
(h)
will be diagonal, with the
diagonal elements equal to 1, exept in the intersetion of the rst two rows and
olumns where it is
(
cos θ(h) −sin θ(h)
sin θ(h) cos θ(h)
)
. (4.9)
Pairwise in this referene frame the only non-zero omponents of the antisymmet-
ri tensor V(h) ab(α) are V(h) 12(α) and V(h) 21(α), beause in this referene frame
the n−2 independent vetors of h have zero omponents on the rst two axes. In
partiular the omponent V(h) 12(α) of the antisymmetri tensor is equal to V(h)
by the denition of the volume V(h) of the hinge h. Sine the trae in 4.8 is
independent from the orthogonal referene frame hosen in the n-simplex α, the
ation 4.8 is equal to
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I =
∑
h
sin θ(h) V(h) , (4.10)
that for small deit angles θ(h) redues to Regge ation [1℄.
Notie that in the denition 4.5 we have hosen the sequene of simplies α, α+
1, ..., α−1, α. This sequene indues a diretion of rotation in the two-dimensional
plane orthogonal to the hinge h determined by the rotation matrix 4.5. We have
impliitly assumed that this diretion is the same diretion generated by the or-
dered sequene of axes {1, 2} in the rigid rotation from the axis 1 to the axis 2.
Sine the simpliial manifolds under onsideration are assumed orientable [4℄, we
an hoose the same orientation in eah n-dimensional simplex [6℄. This orienta-
tion indues an orientation on eah fae but no orientation on the hinge beause
the two faes of the simplex, that share the hinge, indue opposite orientations
on it. It follows that in priniple there is no preferred orientation on the two-
dimensional plane orthogonal to the hinge. So we an pairwise hoose the se-
quene α, α− 1, ..., α+ 1, α, the rotation matrix will be the transposed of 4.5 and
the diretion of rotation is now from the axis 2 to the axis 1, that is to say the
opposite of the previous one. In other words respet to the rst orientation, now
the axis 1 ′ oinides with 2 and 2 ′ with 1. It follows that this hange of orientation
implies that ǫa
′
1a
′
2...a
′
n = −ǫa1a2...an so that V(h) 1′2′(α) = V(h) 21(α) .
Bearing in mind that the analogous of 4.9 with this new orientation is equal to
its transposed , we have that the ation now 4.8 is equal again to 4.10. In this way
we have proved that the ation 4.8 is independent from the hosen orientation.
The ation 4.8 by onstrution is invariant under loal Poinare transformations
(gauge invariane) and is independent from the starting simplex α. This last
remark may be done more lear by the following lemma
Lemma 4.2.1 The ation (4.8) does not depend from the referene frame
where it is written, in the sense that if α and δi are two simplies whih have
in ommon the same hinge h then
Ua1a2αα
(h)V(h) a1a2(α) = Ua1a2δiδi (h)V(h) a1a2(δi) (4.11)
Dim : Let {α...δi} the simpliial path from the simplex α to δi suh that the
simplies of the path share the hinge h. We have that from the denition of
Levi-Civita onnetion
yaj (α) − y
a
n−1(α) = (U(α, α+ 1)...U(δi−1, δi))
a
b
(
ybj (δi) − y
b
n−1(δi)
)
(4.12)
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So for SO(n) onnetion matries is true the following
V(h) a1a2(α) = (U(α, α+ 1)...U(δi−1, δi))a
′
1
a1
×V(h) a′
1
a′
2
(δi) (U(δi, δi−1)...U(α+ 1, α))
a′
2
a2
(4.13)
By substituting this last equation in
Ua1a2αα
(h)V(h) a1a2(α) (4.14)
we get the equality (4.11).
It is interesting to note that this ation is similar to Wilson ation [84℄ for lattie
gauge theory (for basi notions of lattie eld theory see [28℄ hap.6). Anyway
in the form 4.8 the ation is in a seond order formalism sine the plaquette
variables Wa1a2α (h) are ompliated funtions by 4.3 of the oordinates of the
verties. Moreover the eld variables belong both to the original triangulation
and its Vorono dual. We are now going to introdue a formalism that is written
ompletely on the Vorono omplex and is a rst order formalism like the Palatini
version [85℄ of general relativity.
4.3 Action on the Dual Vorono¨ı Complex
Let's onsider the n−1-dimensional fae fαβ ≡ {P1, ..., Pn} between the n-dimensional
simplies α and β. We label the oordinates of the verties of the fae fαβ by y
a
i (α)
in the referene frame α. We dene the vetor baαβ
baαβ(α) = ǫab1...bn−1(y1(α) − yn(α))
b1 ...(yn−1(α) − yn(α))
bn−1
= ǫab1...bn−1E
b1
1 ...E
bn−1
n−1 . (4.15)
The analogous vetor baβα(β) an be alulated in the referene frame of β. The
two vetors are related by the formula
baαβ(α) = U
a
b(α, β)b
b
βα(β) (4.16)
By onstrution these vetors are orthogonal to the fae fαβ so that, from a math-
ematial point of view, they live on the dual Vorono edge (α, β) (see appendix
C). We hoose the order of the the edges vetors Eai in formula 4.15 in suh a
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way that baαβ(α) points toward the outside of the simplex α. Among the vetors
baαβ(α) of the same n-dimensional simplex there is the following identity
n+1∑
β=1
baαβ(α) = 0 . (4.17)
The antisymmetri tensor V(h) a1a2(α) an be written as a bivetor of the
baαβ(α)
V(h) ab(α) = 1
n!(n − 2)!V(α)
(
baαα+1(α)b
b
α−1α(α) − b
b
αα+1(α)b
b
α−1α(α)
)
,
(4.18)
where α − 1 and α + 1 indiate the two n-simplies whih have a fae and the
hinge h in ommon with α. The volume V(α) of the simplex α an be written as
funtion of the bαβ in the following way
(V(α))n−1 =
1
n!n
ǫa1...anǫ
j1...jnjba1j1 (β)...b
an
jn
(β) , (4.19)
where the indies (j1, ..., jn) run over all possible values of the dual Vorono edges
(α, β) , β = 1, ..., n+ 1 and j is a xed index. The equation 4.19 does not depend
from the hoie of the index j in the ǫ-indies, or, in other words, it does not
depend from the b that is left out.
As said in the previous setion we an put the origin of the referene frame of
α in the irumenter. If zai (α) , a = 1, ..., n, i = 1, ..., n+1 are the irumentri
oordinates [83℄ of the n+ 1 verties of α we have
n+1∑
i=1
zai (α) = 0 . (4.20)
In these oordinates we an express, as it is easy to see, the vetor bai (α), i =
1, ..., n in the following way
bai (α) =
1
n!
∑
k6=i
ǫaa1,...,anǫ
kj1...jn
i z
a1
j1
(α)...z
an−1
jn−1
(α) . (4.21)
This equation an be inverted, so we have
zai (α) =
1
(n+ 1)!(n!V(α))n−2
∑
k6=i
ǫaa1...an−1ǫ
j1...jn−1
i k b
a1
j1
(α)...b
an−1
jn−1
(α) . (4.22)
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Figure 4.1: Dual Vorono Plaquette
These two equations 4.21 4.22 show that there is a one to one orrespondene
between the irumentri oordinates of the verties of a simplex α and the
bi(α).
The gravitational ation 4.8 an be written, by the equation 4.18, as a funtion
of the bai (α). Anyway we are still dealing with a seond order formalism, sine the
onnetion matriesUab(α, β) and the bαβ(α) are both funtions of the oordinates
of the edge of the simpliial omplex. Now we propose a rst order formalism in
whih Uab(α, β) and bαβ(α) are independent variables dened on the Vorono edge
(α, β). We onsider equation 4.16 as a onstraint of the theory. This onstraint
x only n degree of freedom for eah Vorono edge (α, β), and not the n(n−1)
2
onditions that are neessary to determine Uab(αβ). Pairwise 4.17 is the seond
onstraint of the theory for eah Vorono vertex.
In the rst order formalism we onsider onnetion matries more general than
the Levi-Civita matries dened by equation 4.3 .
This implies that in these ases the gravitational ation in the form (4.8) ould
be dependent from the referene frame in whih it is written sine it is no longer
true an equality like 4.13 . So if we dene the following antisymmetri tensor on
the plaquette h as
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W(h)c1c2(α) ≡
1
kh+ 2
(
V(h)(α) +UαβV(h)(β)Uβα+ ...
+ Uαβ...Uδh
k−1
δh
k
V(h)(δhk)Uδhkδhk−1 ...Uβα
)
c1c2
. (4.23)
the ation an be written in the form
S ≡ −1
2
∑
h
Tr
(
UhααW
h(α)
)
(4.24)
The above ation oinide with the previous ation in seond order formalism
and
sine (in matrix notation)
W(h)(α) = Uαβ...Uδi−1δiW
(h)(δi)Uδiδi−1 ...Uβα (4.25)
the ation (4.24) result to be independent form the frame in whih it is written
essentially for the same reasonings of the lemma (4.11).
Moreover the ation (4.24) is invariant under the following set of transformations
Uαβ 7→ U ′αβ = O(α)UαβO−1(β)
bαβ(α) 7→ b ′αβ(α) = O(α)bαβ(α) (4.26)
where O(α) and O(β) are two element of SO(n).
We want to lose this setion by adding some onsideration on the nature of
the bαβ. In the interior of every simplex σ, as we have remarked above, the spae
is at. So in every point of the otangent spae to σ the metri is at
g(σ) = δabe
a(σ)⊗ eb(σ) (4.27)
where ea(σ), a = 1, ..., n form an orthonormal dual base in the otangent spae
of σ. Of ourse it is evident that in every point of the otangent spae of σ we
an hoose the same base ea(σ). In the form (4.27) the metri oeÆients are
automatially diagonal and so we an say that trivially a n-dimensional simplex
is a loal inertial referene frame.
It seems more natural to hoose as base the edges of the simplex σ beause this
makes ontat with the geometry of the simplex σ. Let
Eµ(σ) µ = 1, ..., n (4.28)
4.3 Action on the Dual Vorono¨ı Complex 47
n linear independent edge vetors. The other edge vetors an be expressed as
linear ombination of the n vetors above. Assoiated to these n-vetors we an
x (uniquely) n ovetors of the dual base suh that, by the denition (4.15),
b̂µ(σ)(Eν(σ)) = δ
µ
ν . (4.29)
where
b̂µ(σ) ≡ b
µ(σ)
n!V(σ)
. (4.30)
The transformation law between the ouple of the orthonormal base ea(σ) and
their respetive duals ea(σ) and the ouple of Eν(σ) and b̂
µ(σ) are given one we
x the omponent of Eν(σ) and b̂
µ(σ) in the base ea(σ) and e
a(σ), more preisely
ea(σ) = Eaµ(σ)b̂
µ(σ)
ea(σ) = b̂
µ
a(σ)Eµ(σ) . (4.31)
In these basis we an write the metri tensor as
g(σ) = δabb̂µa(σ)b̂
ν
b(σ)Eµ(σ)⊗Eν(σ)
g(σ) = δabE
a
µ(σ)E
b
ν(σ)b̂
µ(σ)⊗ b̂ν(σ) (4.32)
It is now lear that we an do the following identiation respet to the ontinuum
theory
eaµ(x) 7−→ Eaµ(σ)
eµa(x) 7−→ bµa(σ) , (4.33)
where with eaµ(x) and e
µ
a(x) we indiate the n-bein of the ontinuum theory. The
disrete n-bein, in analogy to the ontinuum ase, are determined modulo the
ation of the orthogonal group beause if we perform an orthogonal transformation
on Eaµ(σ) and b
µ
a(σ), the equations (4.32) remain form invariant.
Moreover the seond equation of (4.32) says that the oeÆient of the metri
tensor in the base of the b̂µ(σ) are the usual metri oeÆients written in Regge
alulus
gµµ(σ) = l
2
µ(σ)
l2µν(σ) =
1
2
(gµµ(σ) + gνν(σ) − gµν(σ)) (4.34)
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where, in the standard notation, l2µ ≡ |Eµ|2 and with Eµν = Eµ−Eν, l2µν = |Eµν|2.
4.4 Remark on the Orientation
In the denitions (4.18), (4.23), (4.5) we have taitly assumed that the boundary
of the plaquettes is oriented. As a onsequene, for example, we an establish that
the Vorono-edge (α, β), in the diretion from α to β, is positive oriented, while
the opposite Vorono-edge βα is negative oriented. So this naturally x a rule to
dene the bivetors V(h) c1c2(α), Wh(α) and the holonomy matrix Uhαα along the
positive diretion. In partiular we use the notation V(h) c1c2(α) ≡ V(h) c1c2αβ (α) to
stress that in the denition 4.18 the positive diretion is from α to β in order that
in the bivetor we have to use rst the vetor bαβ(α) and after bαδk(α). Pairwise
we indiate as W+
h
the antisymmetri tensor 4.23 that in these new notations is
W+
(h)
c1c2
(α) ≡ 1
kh+ 2
(
V(h)αβ(α) +UαβV(h)βδ1(β)Uβα+ ...
+ Uαβ...Uδh
k−1
δh
k
V(h)
δh
k
α
(δhk)Uδhkδ
h
k−1
...Uβα
)
c1c2
, (4.35)
and U+
h
αα ≡ Uhαα, that is the holonomy matrix in 4.5 is dened along the positive
diretion (α, β).
The negative diretion is from α to δhk, and as in the denitions above we have
W−
(h)
c1c2
(α) ≡ 1
kh+ 2
(
V(h)
αδh
k
(α) +Uαδh
k
V(h)
αδh
k
(δhk)Uδhkα
+ ...
+ Uαδh
k
...Uδh
1
βV(h)βα(β)Uβδh1 ...Uδhkα
)
c1c2
, (4.36)
and
U−
h
αα ≡ UαδhkUδhkδhk−1 ...Uβα . (4.37)
Now we are going to prove the following lemma:
Lemma 4.4.1 The ation 4.24 is independent from the hosen orientation
for the boundary of the plaquettes h in the sense that
S ≡ −1
2
∑
h
Tr
(
U+
h
ααW
+h(α)
)
= −
1
2
∑
h
Tr
(
U−
h
ααW
−h(α)
)
. (4.38)
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Dim: sine the trae of a matrix and its transposed are the same we an write
−
1
2
Tr
(
U+
h
ααW
+h(α)
)
= −
1
2
Tr
(
U+
h
ααW
+h(α)
)T
= −
1
2
Tr
(
U+
h
αα
T
W+
h
(α)
T
)
.
(4.39)
Now we have that
U+
h
αα
T
= Uαδh
k
Uδh
k
δh
k−1
...Uβα (4.40)
and
W+
h
(α)
T
=
1
kh+ 2
(
V(h)
αδh
k
(α) +UαβV(h)βα(β)Uβα+ ...
+ Uαβ...Uδh
k−1
δh
k
V(h)
δh
k
δh
k−1
(δhk)Uδhkδ
h
k−1
...Uβα
)
. (4.41)
Consider the orthogonal matrix
Γ = UαβUβδh
1
...Uδh
k−1
δh
k
(4.42)
and manipulate the last trae in 4.39 in the following way
−
1
2
Tr
(
U+
h
αα
T
W+
h
(α)
T
)
= −
1
2
Tr
(
ΓTU+
h
αα
T
ΓΓTW+
h
(α)
T
Γ
)
. (4.43)
A straightforward alulation shows that
ΓTW+
h
(α)
T
Γ =
1
kh+ 2
(
V(h)
δh
k
δh
k−1
(δhk) +Uδhkδ
h
k−1
V(h)
δh
k−1
δh
k−2
(δhk−1)Uδhk−1δ
h
k
+ ...
+ Uδh
k
δh
k−1
...UβαV(h)αδh
k
(α)Uαβ...Uδh
k−1
αh
k
)
, (4.44)
and
ΓTU+
h
αα
T
Γ = Uδh
k
δh
k−1
Uδh
k−1
δh
k−2
...Uαδh
k
. (4.45)
These last two equations imply that
−
1
2
Tr
(
U+
h
αα
T
W+
h
(α)
T
)
= −
1
2
Tr
(
U−
h
δh
k
δh
k
W−
h
(δhk)
)
(4.46)
Sine the trae 4.46 is independent from the referene frame where it is written,
we have the equality 4.38.
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This property of the ation is neessary not to have ambiguity in dening it.
As we have seen on eah hinge there is no preferred orientation (.f. setion 4.2)
and, as is easy to see, no orientation on the orresponding Vorono-dual plaquettes
even if the manifold is oriented.
4.5 First Order Field Equations for Small Deficit
Angles
As remarked in [72℄, in the seond order formalism the ation (4.8) is equivalent
to the Regge ation for small deit angles θh (sine in this ase sinθh ≈ θh). In
the rst order formalism we don't have angles θh, but the only variables related to
the deit angles are the onnetion matries Uαβ. Then we assume, by denition,
that the small deit angles approximation in the rst order formalism is the
passage from the group variables Uαβ of SO(n) to the algebra variables φαβ of
so(n). As a onsequene the onnetion matries an be written in the form
Uαβ = I+ ǫ φαβ+ o(ǫ) (4.47)
This implies, as it is easy to verify, that the only gauge transformations (4.26)
whih an be ompatible with the equation (4.47) are of the type O(α) = I, or, in
other words, the approximation in the form (4.47) is also a gauge xing.
In order to avoid tehnial ompliation, that we shall disuss in the next setion,
we now suppose to substitute the onstraint bαβ(α) = Uαβbβα(β) in the ation
for eah Vorono edge (α, β).
A straightforward expansion of the ation up to the rst order shows that
S = −
1
2
ǫ
∑
h
Tr
(
(φαβ+φβδh
1
...+ φδh
k
α)
0Wh(α)
)
+ o(ǫ) (4.48)
where
0Wh c1c2 is the bivetor Wh c1c2 to the zero order in whih we have done
for eah matrix the approximation (4.47)and for eah Vorono-edge we have solved
the onstraint (4.15) up to the rst order, that is to say
bαβ(α) = (I+ ǫ φαβ)bβα(β) + o(ǫ) (4.49)
Demanding that the ation be stationary under the variation respet to (φαβ) we
obtain
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δS
δφαβ c1c2
= ǫ
∑
h∈(αβ)
0Wh c1c2 + o(ǫ) = 0 (4.50)
where h ∈ (αβ) means the sum over all plaquettes h to whih the Vorono-edge
αβ belongs. The tensor 0Wh c1c2 is an antisymmetri tensor of type (2, 0) in
n-dimensions, so has n(n−1)
2
independent omponents, the same independent om-
ponents of φαβ that have to be determined.
Let's onsider the fae between the simplies α and β, dual to the Vorono-edge
αβ. The equations ([72℄) that determine the Levi-Civita onnetion Uαβ between
the referene frames of the two simplies , to the rst order (4.47) are:
(za1(α) − z
a
n(α)) = (I+ ǫ φαβ)
a
b(z
b
1(β) − z
b
n(β))
................... .. ....................
(zan−1(α) − z
a
n(α)) = (I+ ǫ φαβ)
a
b(z
b
n−1(β) − z
b
n(β)) . (4.51)
The zai (α), a = 1, ..., n are the oordinates of the verties i = 1, ..., n of the fae
in the referene frame of the irumenter in α. The irumentri oordinates
4.20 of n+ 1 verties of a n-dimensional simplex are in one to one orrespondene
with the n + 1 bai (α), {i = 1, ..., n + 1} . Equations (4.51) an be seen as an
equation for determining φαβ as funtion of the z
a
i (α) (and then of the b
a
i (α)).
Eah φαβ, being an antisymmetri matrix in n-dimension, has
n(n−1)
2
degree of
freedom. The number of independent equations are n(n − 1). Anyway there is
the following identity among the edge omponents of the n − 1-dimensional fae
(α, β) ∑
h∈(αβ)
Vh c1c2(α) = 0 , (4.52)
The (4.52) xes
n(n−1)
2
degrees of freedom, so that the (4.51) together (4.52) has
n(n−1)
2
linear independent equations. By linearity there is for φαβ only one solution.
Anyway this is the onnetion that we adopt in the seond order formalism. We
want to see if this onnetion, that is the Levi-Civita or Regge onnetion, satises
equation (4.50). If the onnetion is Regge we have (in matrix notation)
V(h)(α) = UαβV(h)(β)Uβα = ... = Uαβ...Uδh
k−1
δh
k
V(h)(δhk)Uδhkδhk−1 ...Uβα (4.53)
so that to the zero order
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V(h)(α) = V(h)(β) +O(ǫ) = ... = V(h)(δhk) +O(ǫ) . (4.54)
These fats imply that
ǫ
∑
h∈(αβ)
0Wh c1c2 =
∑
h∈(αβ)
(
ǫVh c1c2(α) + ǫO(ǫ)
)
= 0+O(ǫ2) (4.55)
that is to say that Regge onnetion is solution of our rst order equations for
the onnetion matries in the limit of small deit angles.
4.6 First Order Field Equations: the General Case
In the previous setion we have seen that in the ase of small deit angles the
Regge alulus is solution of the rst order eld equations.
We are now going to deal with the general problem. We want to derive the
equation of motion by varying the ation respet to Uαβ and bαβ. This formula-
tion of gravity on lattie is lose to the popular Ashtekar's variables [86℄ in non
perturbative anonial ontinuum quantum gravity (see also [87℄ for a ovariant
version). Of ourse we have to take in aount the onstraints (4.16) and (4.17),
so in order to perform independent variation of Uαβ and bαβ it is neessary to
introdue the onstraints in the ation by using Lagrange multipliers. Then the
rst order ation will be
S ≡ −1
2
∑
h
Tr
(
UhααW
h(α)
)
+
∑
(αβ)
λαβ (bαβ(α) −Uαβbβα(β))
+
∑
(αβ)
Tr
(
~λ(αβ)(UαβU
T
αβ− I)
)
+
∑
α
µ(α)
n+1∑
β=1
bαβ(α)

(4.56)
where λ(αβ) and µ(α) are n-dimensional vetors and are Lagrange multipliers.
~λ(αβ) is an n× n matrix. The onstraint UαβUTαβ− I is introdued to restrit the
variation of Uαβ on the group SO(n).
Let's introdue the following lemma:
Lemma: The ation, in matrix notation,
S ′ ≡ Tr(ΛA) + Tr
(
λ(ΛΛT − I)
)
(4.57)
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gives the following equation of motion if we assume that the variation
respet to Λ be stationary
(ΛA) = (ΛA)T . (4.58)
Dim: If we onsider the variation of the ation respet to Λ and ΛT, using the
property that Tr(M) = Tr(MT), we have
δS ′ =
1
2
Tr(δΛA+ATδΛT) +
1
2
Trλ(δΛΛT+ΛδΛT) +
1
2
Tr(δΛΛT +ΛδΛT)λT (4.59)
that implies
δS ′
(δΛ)ΛT
= ΛA+ λ+ λT = 0
δS ′
Λ(δΛT)
= (ΛA)T + λT + λ = 0 , (4.60)
from whih, subtrating term by term these two equations we have (4.58).
We an apply the lemma to the ation (4.56) for the variation respet to Uαβ, we
obtain the following eld equations
∑
h∈(αβ)
(UhααW
h(α))ij− λαβ ibαβ(α) j =
∑
h∈(αβ)
(UhααW
h(α))Tij− λαβ jbαβ(α) i (4.61)
The next step will onsist of determining the eld equations for the variations
of bαβ. For this aim it is neessary to determine the quantity
∂V(α)
∂ba
αβ
. We reall
that in the irumentri oordinates, the oordinates of the i-th vertex zai (β) is
given by formula 4.68
We an write the formula 4.19 in a way not dependent from the hosen index
j. If we all (V(j)(α))n−1 equation 4.19, we have that it an be rewritten as
(V∗(α))n−1 = n+1
√
((V(1)(α))n−1) ... ((V(n+1)(α))n−1) , (4.62)
in suh a way that it does not depend from any index. Evaluating the derivative
of this last expression we get,
∂
(
1
V(α))
)
∂bai (α)
= −
1
n!(n − 1)V2(α)
zia(α) . (4.63)
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We are now ready to derive the eld equations for the variations of the bαβ.
The starting ation is (4.56). Furthermore we have remarked that the ation is
invariant under the orientation of the boundary of eah plaquette, so we an write
it in an orientation independent way
S ≡ −1
4
∑
h
Tr
(
UhααW
h(α) +UT hααW
T h(α)
)
+
∑
(αβ)
λ(αβ) (bαβ(α) −Uαβbβα(β))
+
∑
α
µ(α)
n+1∑
β=1
bαβ(α)
 . (4.64)
A straightforward alulation show that:
with the notation
Uhαα
ij−Uhαα
ji ≡ Ωhαα ij (4.65)
∂S
∂biαβ(α)
≡
∑
h∈(αβ)
1
4V(α)
(
Ωhαα ijb
j
αδh
k
−
1
n!(n − 1)
Tr(ΩhααVh(α))zαβi (α)
)
+ λi αβ− µi(α) = 0 . (4.66)
In the eld equations (4.66) and (4.61) we have to determine also the Lagrange
multipliers λiαβ and µ
i(α). We now propose a method for determining them. In
eah simplex α, or, equivalently, in eah point of the dual omplex, we have n+ 1
vetors biαβ(α), b
i
αδ1(α), ..., b
i
αδn(α) and among them there is the onstraint (4.17).
Let us hoose n of this vetors for example biαβ(α), ..., b
i
αδn−1
(α), in other words
we are solving the onstraint (4.17). This is a base in the tangent spae of the n-
simplex α so that we an write eah Lagrange multiplier, suh that λhαβ, onsidered
as a vetor in tangent spae of α as
λhαβ = c
1
αβb
h
αβ(α)...c
n
αβb
h
αδn−1
(α) (4.67)
The set of n vetors biαβ(α), ..., b
i
αδn−1
(α) are in orrespondene with the ir-
umentri oordinate
zan+1(α) =
1
(n+ 1)!(n!V(α))n−2
∑
k6=n+1
ǫaa1...an−1ǫ
j1...jn−1
n+1 k b
a1
j1
(α)...b
an−1
jn−1
(α) (4.68)
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where the indies (j1, ..., jn−1, k) run over αβ, αδ1, ..., αδn−1 and in this ase n+1 =
αδn.
From a geometrial point of view elementary arguments show that zan+1(α) is the
irumentri oordinate of the vertex of α whih is the intersetion of the n
n− 1-dimensional faes whose normals are biαβ(α), ..., b
i
αδn−1
(α).
Pairwise to eah bαδi(α) we an assoiate a irumentri oordinate z
a
αδi
(α) ob-
tained as in the denition 4.68 in whih n + 1 7→ i = αδi and (j1, ..., jn−1, k) now
run over αβ, αδ1, ..., αδn in whih, of ourse, αδi is omitted. In this way we an
make a one to one orrespondene within eah bαδi(α) and the edge of the simplex
α Eαδi(α) dened in the irumentri oordinate
Eaαδi(α) ≡ zaαδi(α) − zan+1(α) (4.69)
It is straightforward to see that
(bαδi(α))
a
(
Eαδj(α)
)
a
= n!V(α)δij . (4.70)
Consider the equation (4.67), projet it along the edge Ehαβ and repeat the
proedure for eah Ehαδi , i = 1, ..., n− 1. We will obtain
c1αβ =
1
n!V(α)
(λhαβEαβ h)
ci+1αβ =
1
n!V(α)
(λhαβEαδi h) i = 1, ..., n− 1 (4.71)
In other words for determining λαβ we have to determine its projetions along
the above edges. For this purpose we projet equation (4.61) along Eiαδi(α) and
Ejαβ(α) and we nd that
λhαβEαδi h(α) = −
1
V(α)
∑
h∈(αβ)
(
(UhααW
h(α))pq− (U
h
ααW
h(α))qp
)
Epαδi (α)E
q
αβ(α) ,
(4.72)
whih xes the oeÆients ciαβ, i = 2, ..., n. A problem arises with the oeÆ-
ient c1αβ, in fat equation (4.61) does not determine the omponent of λ
i
αβ in the
diretion of biαβ(α), beause the following transformation λ
i
αβ 7→ λiαβ+αbiαβ does
not aet the equation. It seems neessary to use the eld equation for bαβ for
evaluating c1αβ.
Anyway if we projet (4.61) only along Ejαβ(α) we obtain that
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λiαβ =
1
V(α)
(
λhαβEαβ h(α)
)
biαβ(α)+
∑
h∈(αβ)
(
(UhααW
h(α))ij− (U
h
ααW
h(α))ji
)
Ejαβ(α)
(4.73)
whih, substituted in the starting equation, gives the eld equation for Uαβ
without Lagrange multipliers
∑
h∈(αβ)
(
(UhααW
h(α))ij− (U
h
ααW
h(α))ji
)
=
∑
h∈(αβ)
(
(UhααW
h(α))ik− (U
h
ααW
h(α))ki
)
×Ekαβ(α)bjαβ(α) −
∑
h∈(αβ)
(
(UhααW
h(α))jk− (U
h
ααW
h(α))kj
)
Ekαβ(α)b
i
αβ(α) (4.74)
Of ourse the reasoning for the Vorono-edge αβ an be applied to other Voronoi
edges αδi. The unknown oeÆients will be c
i+1
αδi
, i = 2, ..., n− 1.
In the referene frame α we write the equation for the variation respet to bαβ
and bαδi in the following manner
Baαβ+ λ
a
αβ+ µ
a(α) = 0
Baαδi + λ
a
αδi
+ µa(α) = 0 (4.75)
where in the symbols B we have summarized all the terms in the equations (4.64)
whih don't ontain the Lagrange multipliers. We reall that the expansion of λαβ
in the base of b is given by (4.67), pairwise
λaαδi = c
1
αδi
baαβ+ ...+ c
i+1
αδi
baαδi + ...+ c
n
αδn−1
baαδn−1 (4.76)
Subtrating the two equations (4.75) between them, we have
(Baαβ− B
a
αδi
) + (c1αβ− c
1
αδi
)baαβ+ ...+ (c
n
αβ− cαδn−1)b
a
αδn−1
= 0 . (4.77)
Projeting along (Eαβ(α))a we get
c1αβ = c
1
αδi
−
1
n!V(α)
(Baαβ− B
a
αδi
)(Eαβ(α))a (4.78)
in this way we determine c1αβ, and a similar proedure gives
ci+1αδi = c
i+1
αβ −
1
n!V(α)
(Baαδi − B
a
αβ)(Eαδi(α))a (4.79)
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Figure 4.2: The Most Elementary Triangulation of the 2-Sfere
One we have determined λaαβ and λ
a
αδi
we an determine µa(α) by summing
the two equations
µa(α) = −
1
2
(λaαβ+ λ
a
αδi
) − (Baαβ+ B
a
αδi
) (4.80)
We have used the equations for bαβ and bαδi to determine λ
a
αβ, λαδi , and µ
a
α.
To determine bαβ and bαδi we an solve the equations for bβα(β) and bδiα(δi) in
whih the Lagrange multipliers µa(β), µa(δi) have been determined by two ouple
of dierent equations. Then we will use the onstraint bαβ(α) = Uαβbβα(β) and
bαδi(α) = Uαδibδiα(δi) and so on. In this method, at the end, the only unknown
quantity is the Lagrange multiplier λaαδn orresponding to the Vorono-edge αδn
and to bαδn . Anyway we have that bαδn is determined one we know all the other
b and we an use the equation for bαδn to determine λαδn as funtion of the other
b.
Let do an example that show how this method work in pratie. Consider the
boundary of a tetrahedron as a two dimensional triangulation of the sphere
Let all α the triangle ABC, β the triangle BCD, γ the triangle ACD and δ
the triangle ABD.
The edge BD is the fae (one-dimensional) between α and β, bαβ(α) will be the
vetor in α perpendiular to this fae. DC is the fae between β and γ, and bβγ(β)
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the vetor perpendiular to it. AD is the fae between γ and α, and bγα(γ) is the
vetor perpendiular to it, and so on. AC is perpendiular to the Vorono-edge
αγ, BC to (βδ), AB to αδ.
Let's write the equation of motion for the variation of the b for this system:
Baαβ+ λ
a
αβ+ µ
a(α) = 0 edge (αβ)
Baαγ+ λ
a
αγ+ µ
a(α) = 0 edge (αγ)
Baαδ+ λ
a
αδ+ µ
a(α) = 0 edge (αδ)
Baβα− (λαβUαβ)
a+ µa(β) = 0 edge (βα)
Baβγ+ λ
a
βγ+ µ
a(β) = 0 edge (βγ)
Baβδ+ λ
a
βδ+ µ
a(β) = 0 edge (βδ)
Baγβ− (λβγUβγ)
a+ µa(γ) = 0 edge (γβ)
Baγα− (λαγUαγ)
a+ µa(γ) = 0 edge (γα)
Baγδ+ λ
a
γδ+ µ
a(γ) = 0 edge (γδ)
Baδα− (λαδUαδ)
a+ µa(δ) = 0 edge (δα)
Baδβ− (λβδUβδ)
a+ µa(δ) = 0 edge (δβ)
Baδγ− (λγδUγδ)
a+ µa(δ) = 0 edge (δγ) (4.81)
From the rst two equations we hoose to determine λaαβ, λ
a
αγ and µ
a(α) by the
above method. The equation for the Vorono-edge αδ will be used to determine
λaαδ. The equations for the Vorono-edges βγ and βδ will be used to determine λ
a
βγ,
λβδ and µ
a(β). The equation for the Vorono-edge βα will be used to determine
bβα. From the onstraint bαβ = Uαβbβα we determine bαβ too. The equation for
the Vorono-edge γβ may be used to determine µa(γ). The equation for γα may
be seen as an equation for determining bγα, and so we determine bαγ too. The
equation for γδ may be used to determine λγδ. The equation for δα determine
µa(δ), those for δβ and δγ determine bδβ and bδγ and so also bβδ and bγδ. The
other b are determined from the onstraint on the b (4.17).
In this way we determine all the Lagrange multiplier as funtions of the Uαβ
and bαβ. Using also the onstraint we have that all the eld equations x a number
of degrees of freedom that is equal to the number of degrees of freedom of Uαβ
and bαβ .
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4.7 Quantization of the Model
In this setion we shall disuss the quantum measure to assoiate to the previous
lassial ation. The ation 4.24 is invariant under the ation of the group SO(n),
the gauge group (4.26).
Let us x the following notation: we dene
µ(bαβ(α)) ≡ db1αβ(α)...dbnαβ(α) (4.82)
and with
µ(Uαβ) (4.83)
the Haar measure of SO(n). The partition funtion for this theory will be:
Z =
∫
e
1
2
∑
h Tr(UhααWh(α))
∏
α
δ(
n+1∑
β=1
bαβ(α)) (4.84)∏
αβ
δ (bαβ(α) −Uαβbβα(β))µ(Uαβ)µ(bαβ)
in whih the rst produt
∏
α is a produt over all verties of the dual omplex,
and the seond produt
∏
αβ is the produt over all the edges starting from the
vertex α. The seond delta funtion δ (bαβ(α) −Uαβbβα(β)) has to be introdued
one time for eah edge, so that if we have introdued it for the edge αβ, we have
not to introdue it for the edge βα in the referene frame β. It is straightforward
to see that the measure of the partition funtion is invariant under the gauge
transformation (4.26). In fat if we perform a gauge transformation of the type
(4.26), the modied terms of the measure are:
δ
n+1∑
β=1
b ′αβ(α)
 δ (b ′αβ(α) −U ′αβb ′βα(β))µ(U ′αβ)µ(b ′αβ) . (4.85)
Now µ(b ′αβ) is equal to det (O(α))µ(bαβ) and so is equal to µ(bαβ). The Haar
measure of SO(n) is right and left invariant so µ(U ′αβ) = µ(Uαβ). By the equations
(4.26), we have that the two delta of (4.85) an be written in the following form
δ
O(α)(n+1∑
β=1
bαβ(α)
)
δ
(
O(α)
(
bαβ(α) −Uαβbβα(β)
))
(4.86)
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that, from the properties of the delta funtion, will redue to 1 over the determi-
nant of O(α) for the deltas of the quantities in parenthesis that multiply O(α).
Then we have that equation (4.85) an be written as
δ
n+1∑
β=1
bαβ(α)
 δ (bαβ(α) −Uαβbβα(β))µ(Uαβ)µ(bαβ) , (4.87)
and then the invariane of the measure under gauge transformations.
4.8 Coupling with Matter
In the ontinuum theory on Riemannian manifolds the oupling with fermioni
matter is given by the following term of the Lagrangian density
L ≡
(
ψeµaγ
a∇µψ−∇µeµaψγaψ
)
+mψψ (4.88)
where γa, a = 1, ...n are the Dira-matries satisfying the Cliord algebra
γaγb+ γbγa = 2δab (4.89)
ψ the n-dimensional Dira spinor eld ( ψ ≡ ψ†γ1),∇µ the ovariant derivative,
eµa the n-beins that is, on the tangent spae of the Riemannian manifolds (M,g)
where the Lagrangian density (4.88) is dened, the vetor elds suh that
gµν(x) = eµa(x)e
ν
b(x)δ
ab . (4.90)
We are assuming that the Riemannian manifolds (M,g) in question have a spin
struture, that is the seond Stiefel-Whitney lass is zero.
We have now all the ingredients to dene the oupling of gravity with fermioni
matter on the lattie in analogy with ontinuum ase (for related works see [8℄ [88℄
[89℄ [90℄).
Let ν = 2n or ν = 2n + 1 (depending if n is even or odd) and onsider the
2ν dimensional two-fold overing group of SO(n). So instead to onsider the
onnetion matries Uαβ, we have to onsider the 2
ν × 2ν onnetion matries
Dαβ suh that
Dαβγ
aD−1αβ = (Uαβ)
a
bγ
b
(4.91)
where in the left hand part of (4.91) we have used matrix notation. Given Dαβ we
determine Uαβ, but if we know Uαβ we determine Dαβ up to a sign. In partiular,
as it is easy to derive from (4.91), we an write Uαβ as ([8℄)
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(Uαβ)ab =
1
2ν
Tr(γaDαβγb) (4.92)
In the disrete theory we assume that the spinor eld is a 2ν omplex vetor
dened in eah verties of the dual simpliial omplex, that is to say a map that
to eah vertex α assoiates the 2ν omplex vetor ψ(α).
In order to dene the ovariant derivative on lattie we have to derive the distane
|αβ| between the two neighborly irumenters in α and β. The distane △h1 of
the irumenter in α from the fae αβ an be alulated by deriving the volume
of the n-dimensional simplex obtained by joining the irumenter with the n-
verties of the fae αβ and dividing it by n and the volume of the fae itself. So
we have that
△h1 = 1
n2
∑n
i=1b
a
αβ(α)z
i
a(α)
|bαβ(α)|
(4.93)
in whih zai are the irumentri oordinates of the verties of the fae αβ and
with |bαβ(α)| the module of the vetor that divided by (n − 1)! is equal to the
volume of the fae.
In the same manner we have
△h2 = 1
n2
∑n
i=1b
a
βα(β)z
i
a(β)
|bβα(β)|
(4.94)
At the end we have |αβ| = △h1+△h2.
At this point we are ready to dene the ovariant derivative (∇µψ)(α) on
lattie
(∇µψ)(α) ≡ Dαβψ(β) −ψ(α)
|αβ|
. (4.95)
So far the disrete version of the the ation for the oupling between gravity
and fermioni matter an be written in the form
SF ≡
∑
α
( ∑
(αβ),β=1,...,n+1
1
|αβ|
( ψ(α)baαβγaDαβψ(β)
− Dαβψ(β)b
a
αβγaψ(α))+m
ψ(α)ψ(α)
)
(4.96)
so that the quantummeasure that inludes also fermioni matter an be written
as
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Z =
∫
e−(S+SF)
∏
α
µ
(
ψ(α)
)
µ
(
ψ(α)
)
δ
n+1∑
β=1
bαβ(α)

∏
αβ
δ (bαβ(α) −Uαβbβα(β))µ(Dαβ)µ(bαβ) (4.97)
where S is the ation for pure gravity (4.24), and µ(Dαβ) the Haar measure on the
two-fold overing group of SO(n) while µ(ψ(α)) = dψ(α) the standard measure
on C2
ν
.
The oupling with Fermioni matter on lattie presented in this paragraph is
quite similar to the one introdued in referene [89℄. The dierenes onsist of the
fat that the ation is here group theoretial and not Regge, and this formalism
implies that from the beginnings the oupling is written on the dual Vorono
omplex.
Appendix A
Branched Polymers
The notion of Branhed Polymers is ruial in the lassiation of the so alled
"Elongated Phase" of 4-D simpliial quantum gravity. We are now going to review
[56℄ some basi onepts of statistial mehanis on graphs.
An abstrat graph is a set of points alled "verties" onneted by lines. These
lines introdue a natural onept of onnetedness. A graph an be seen as a one
omplex. From now on all our graphs will be abstrat, not embedded in some
aÆne spae so that we may omit the adjetive abstrat. A graph is simple if two
distint verties are onneted at most by only one line and the verties at the end
of eah line are always distint. A graph that is onneted and simple is alled a
tree. The number of lines l(i) at the vertex i is alled "the oordination number"
of the vertex i. In a tree with n verties we have that
∑n
i=1 l(i) = 2(n−1). A tree
is rooted if we label one vertex whih is alled the root.
Two trees T and T ′ are ombinatorial equivalent if there is a one to one map φ
between them suh that the verties of T are mapped uniquely into the verties
of T ′ so that a line joining two verties of T ′, v ′i and v
′
j, is a line of T
′
if and only
if it is the image of a line of T by φ, in the sense that there exist two verties of
T vi and vj joined by a line of T whose images by φ are v
′
i and v
′
j and the line
joining them is mapped into the line joining v ′i and v
′
j. If the two trees are rooted
they are ombinatorially equivalent if there is a one to one map suh that together
with the properties desribed before it maps the root of T into the root of T ′ and
vieversa. In statistial mehanis tree graphs are alled Branhed Polymers.
The statistial mehanis of these abstrat tree graphs is also known as mean
eld theory of Branhed Polymers to distinguish it from the ase of embedded
Branhed Polymers.
Let's dene as rα(n) the number of ombinatorial inequivalent rooted tree
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graphs with n verties in whih the root has oordination number equal to one
and all others verties have oordination number less than or equal α. By Caley's
formula we have
rα(n) =
α∑
l1...ln=1∑n
i=2
li=2(n−1)−1
1
(n− 1)
n∏
i=2
1
(li− 1)!
−→
α7→∞ (n− 1)
n−2
(n − 1)!
. (A.1)
Let ξα(n) indiates the number of ombinatorial inequivalent tree graphs with
n verties whose oordination number is less than or equal to α. We have that
ξα(n) =
α∑
l1...ln=1∑n
i=1
li=2(n−1)
1
n(n − 1)
n∏
i=1
1
(li− 1)!
−→
α7→∞ n
n−2
n!
. (A.2)
From the above formula or from geometrial arguments it is easy to see that
ξα(n) =
1
n
rα(n+ 1) . (A.3)
The partition funtion Rα(β) over the ensemble of rooted tree graphs, whose
verties have oordination number less than or equal α, is dened in the following
way
Rα(β) ≡
∞∑
n=2
βn−1rα(n) , (A.4)
and the analogous Zα(β) unrooted
Zα(β) ≡
∞∑
n=1
βnrα(n) . (A.5)
From these denitions and the identity A.3 we have that
d
dβ
Zα(β) =
1
β
Rα(β) . (A.6)
As regard the denition of the Green funtion for tree graphs with oordination
numbers up to α, the strategy is ompletely similar to the same ase for dynamial
triangulations (.f. setion 3.51). A path between two verties of a tree graph is
given by a
sequene {i}i=li=1 of verties suh that the verties j and j + 1 (j + 1 6= j and
j = 1, ..., l − 1) are joined by a line and i1 oinides with the rst vertex and il
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with the seond vertex. The length of the path is the number of its line, l − 1
in this spei example. The distane between two verties of a tree graph is the
length of the minimal path that joins them.
As usual the miro-anonial Green funtion is the sum over all ombinatorial
inequivalent tree graphs Tα(r, n) whose verties have oordination numbers up to
α with n verties and with two labelled vertex at distane r
Gα(r, n) ≡
∑
Tα(r,n)
(A.7)
and the relative grand-anonial partition funtion is
Gα(r, β) ≡
∞∑
n=1
βnGα(r, n) . (A.8)
The relative suseptibility funtion is dened as follows
χα(β) ≡
∞∑
r=0
Gα(r, β) (A.9)
As for the dynamial triangulations in the denition above we an exhange
the sum over r with the sum over n so that
∑
r
∑
Tα(r,n)
(A.10)
is the sum of all ombinatorial inequivalent tree graphs with oordination num-
ber up to α and with two labelled verties. Sine for large n asymmetri tree
graphs prevails this sum is asymptotial equal to n2Gα(r, n), so that as in 2.29
the suseptibility funtion is asymptotially equal to
χα(β) ≍ d
2
dβ2
Zα(β) . (A.11)
Now we are going to use the following reursion relation
Lemma A.0.1 The funtion rα(n) an be written as
rα(n) =
α−1∑
γ=0
1
γ!
∑
n1,...,nγ≥2∑γ
i=1
ni=n+γ−2
γ∏
i=1
rα(ni) .
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This reursion formula an be proved straightforwardly or by using formula A.1
or by geometri onsiderations. Anyway from this lemma we have the following
evident orollary
Corollary A.0.1
Rα(β) = β
α−1∑
γ=0
1
γ!
[Rα(β)]γ (A.13)
At this point A.13 an be used to derive the dierential equation for Rα(β),
d
dβ
Rα(β) =
Rα(β)
β
[
1+ β
(Rα(β))α−1
(α− 1)!
− Rα(β)
]−1
(A.14)
This equation is divergent at the point βc where the denominator vanish, that is
to say
Rα(βc) = 1+ βc
(Rα(β))
α−1
(α− 1)!
(A.15)
This equation has only one solution for eah value of α. Sine d
dβ
Rα(β) is divergent
in βc we have that
dβ(Rα)
dRα
∣∣∣∣∣
Rα(βc)
= 0 . (A.16)
By the impliit funtion theorem β(Rα) result to be analyti around Rα(βc) so
that we an expand it in Taylor series
β(Rα) − βc =
1
2
d2β(Rα)
dRα2
(Rα− Rα(βc))2+ o
(
(Rα− Rα(βc))2
)
, (A.17)
and for β near βc we get
Rα(β) ≍ Rα(βc) + C(βc− β) 12 (A.18)
These onsiderations together with equations A.6 and A.11 imply that for β
near βc
χα(β) ≍ (βc− β)−12 (A.19)
so that the suseptibility of Branhed Polymers has the same exponent γs =
1
2
of
the mean eld.
Appendix B
Baby Universes
The onept of Baby Universe in dynamial triangulations has been introdued for
the rst time by S. Jain and S.D.Mathur [57℄. The original idea of these authors
has been to introdue a way for desribing the roughness of triangulated surfaes.
Suessively the average number of Baby Universes has been used as a sort of or-
der parameter to lassify the two phases, rumpled and branhed polymer phases
whih have been seen for the rst time in the Monte Carlo simulations of 4-D dy-
namial triangulations. In fat in the artiles [48℄ and [52℄ numerial simulations
have shown very few baby universes in the rumpled phase and a asade of baby
universes in the branhed polymer phase. Motivated by these data it has been
tried to put in orrespondene the baby universes with the branhed polymers.
The deep reason of this orrelation is disussed in hapter 3. Anyway seminal ar-
guments in favor of the onnetion between branhed polymers and baby universes
of minimal size an be found in the artile [58℄.
Let's give the main denitions regarding Baby Universes in the spirit of the
artile [57℄. We shall restrit, for onveniene, to the four dimensions and to the
ase in whih the baby universe has the nek of minimum size (Minbu). A Minbu
an be onsidered as a triangulation of a PL manifold in whih we an distinguish
two parts: the Mother universe that is the part that has the majority of the volume
of the triangulation, and the baby universe whih is the part with the minority of
the volume. The two parts are glued together by the boundary of a four-simplex
that is alled the nek of the baby universe.
Now we are going to introdue, following [57℄, a way to enumerate the average
number of baby universes with given volume V in the anonial ensemble of all
triangulations of a PL-manifold with N4 four-dimensional simplies. Anyway we
want to stress that this enumeration is not rigorous but it is in good agreement
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with the numerial results [48℄, [52℄, [55℄. Suppose that the topology is that one of
the sphere S4 sine our future disussions will be onentrated on this ase. Imag-
ine to separate the mother universe and the baby. We will obtain two triangula-
tions of the sphere S4 with a boundary made by the boundary of a four-simplex.
The mother has N4− V four dimensional simplies and N
′
2 two-dimensional sim-
plies, the baby V four-dimensional simplies and N ′′2 two-dimensional simplies.
Obviously the sum N ′2 + N
′′
2 will be equal to N2 + 10, where N2 is the number
of two-dimensional simplies of the original triangulation, beause in separating
the mother and the baby we are ounting the bone of the nek twie. Suppose
now to ll the hole of the boundaries by gluing a four simplex to eah of them.
So that the number of ombinatorial inequivalent triangulations of the mother
universe is now ρa(S
4, N4 − V + 1,N
′
2) (.f. 2.8) and that one of the baby is
ρa(S
4, V+1,N ′′2). The antsaz is that all the ombinatorial inequivalent ongura-
tion with a Minbu are obtained by marking a four simplex in the mother universe
and one in the baby, and by gluing them through identifying the two marked
simplies. We suppose, as usual, that we are in the regime of large N4 so that
asymmetri triangulations prevail. This implies that the marking proess will pro-
due (N4−V+1)ρa(S
4, N4−V+1,N
′
2) ombinatorial inequivalent triangulations for
the mother universe and (V + 1)ρa(S
4, V + 1,N ′′2) for the baby universes. So that,
at the end, the number of the ombinatorial inequivalent Minbu M(S4, N4, N2, V)
is
M(S4, N4, N2, V) = 5!(N4− V + 1)(V + 1) (B.1)
×ρa(S4, N4− V + 1,N ′2)ρa(S4, V + 1,N ′′2) .
where 5! omes from the fat that in the ase of asymmetrial triangulations there
are 5! ombinatorial inequivalent ways of joining two four-simplies. Any Minbu
of the harateristis dened above an be obtained in this way, so that B.2 really
an be onsidered as a formula that gives an estimate of the number of all Minbus
of baby-size V and number of bone N ′′2 in the miro-anonial ensemble of all tri-
angulations of S4 with N4 four-simplies and N2 bones. Consider a triangulation
T of S4 with N4 four-simplies and N2 bones, whih has a Minbu of size V and N
′′
2
bones. Let us indiate by nT(S
4, N4, N2, V) the number of ombinatorial inequiv-
alent triangulations that an be obtained from a given triangulation T by utting
a baby universe and attah it on another four simplex of T , previously marked, as
desribed above. It is lear that M(S4, N4, N2, V) =
∑
T nT(S
4, N4, N2, V), so that
the average number of ombinatorial inequivalent Minbu in the miro-anonial en-
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samble an be approximated by dividingM(S4, N4, N2, V) by the miro-anonial
partition funtion ρa(S
4, N4, N2)
N (S4, N4, N2, V) ≈ 5!(N4− V + 1)(V + 1) (B.2)
×ρa(S
4, N4− V + 1,N
′
2)ρa(S
4, V + 1,N ′′2)
ρa(S4, N4, N2)
.
In the anonial ensemble the average number of Minbu with volume V an be
alulated in the following way
N (S4, N4, k2, V) ≈ 5!(N4− V + 1)(V + 1) (B.3)
×
∑
N2
ek2N2ρa(S
4, N4− V + 1,N
′
2)ρa(S
4, V + 1,N ′′2)
Z(S4, N2, k2)
,
whih using the relation N ′2+N
′′
2 = N2+ 10 is equal to
N (S4, N4, k2, V) ≈ 5!(N4− V + 1)(V + 1)e−10k2 (B.4)
×
∑
N′
2
ek2N
′
2ρa(S
4, N4− V + 1,N
′
2)
∑
N′′
2
ek2N
′′
2 ρa(S
4, V + 1,N ′′2)
Z(S4, N2, k2)
.
Finally
N (S4, N4, k2, V) ≈ 5!(N4− V + 1)(V + 1)e−10k2 (B.5)
×Z(S
4, N4− V + 1, k2)Z(S
4, V + 1, k2)
Z(S4, N2, k2)
.
For large value of N4 and V the previous formula will redue to the standard
formula for the average number of baby universe in the anonial ensemble
N (S4, N4, k2, V) ≈ 5!(N4− V + 1)(V + 1)Z(S
4, N4− V, k2)Z(S
4, V, k2)
Z(S4, N2, k2)
. (B.6)
We remember that in eah phase the anonial partition funtion of A four-
simplies has the behavior Z(S4, A, k2) ≍ Aγstr−3eAk4(k2), whih substituted in B.6
gives
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N (S4, N4, k2, V) ≈ N4
(
V
(
1−
V
N4
))γstr−2
. (B.7)
In this way by omputing the average number of baby universes with volume
V in a anonial ensamble of N4 simplies we an obtain informations on the
suseptibility exponent γstr. This is the reason too for whih the argument of the
baby universes is so popular among people doing numerial simulations.
Appendix C
Vorono¨ı Cells
In this setion we shall introdue the denition of Vorono Cells sine we are going
to use it for the denition of the "metri" dual of a triangulation of a PL-manifold.
Consider a point set Ξ of a n-dimensional Eulidean spae En. We say that En
is disrete if there is a positive real number r0 suh that ∀x, y ∈ En d(x, y) ≥ 0,
where d is the distane funtion between two points of En indued by the Eulidean
metri [70℄.
It follows immediately from the above denition this theorem:
Theorem C.0.1 If Ξ is disrete it has the loal niteness property: for every
losed ball Br(x) with enter in x ∈ En and radius r, Br(x) ∩ Ξ is a nite set.
A point set Ξ is relative dense in En if there is a real positive number R0 suh that
all the spheres of En of radius greater than R0 have at least one point of Ξ in their
interior. R0 is alled the overing radius of Ξ.
A set point Ξ whih is disrete and relative dense is a Delaunay or Delone set
[70℄ [71℄, and is also indiated as (r, R) from its disrete radius r and overing
radius R.
In a Delone set Ξ the r-star, r > 0, of a point x ∈ Ξ is the nite point set Br(x)∩Ξ.
Consider now a Delone set Ξ ∈ En (or, equivalently, a set with a nite number
of points). Let x ∈ Ξ, the Vorono ell of x is, by denition, the onvex region of
points of En whih are more lose to x than to any other point of Ξ.
In pratie a Vorono ell of a point x ∈ Ξ is onstruted by onsidering the
segments that join x to eah point of Ξ in the star of x. Anyway for the moment
we are onsidering the ase in whih Ξ is a sort of periodi rystal so that the
radius of the star has to be hosen in suh a way that it ontains x and the points
of its elementary ell (see gure C.1).
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x
Figure C.1: In this regular rystal the points to be onsidered for onstruting the
Vorono ell V(x) of x are those ones whih belong to the star of x made by the
points loser to x. These points are also the points whih form an elementary ell
of this rystal
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x
V(x)
Figure C.2: Vorono ell V(x) of the point x belonging to the rystal of the gure
C.1
Then the n − 1-dimensional faes of the Vorono ell of x V(x), alled faets,
are obtained by onsidering the n − 1-dimensional orthogonal bisetors to the
segments. The intersetion of the faets V(x) are the n − 2 dimensional fae of
the Vorono ell and so on (see gure C.2).
If we arry on this onstrution for eah point of Ξ we obtain a partition of En
into ells that is alled Vorono tessellation. This tessellation has the following
properties:
1)The Vorono ells are onvex region of En and two ells an have in ommon
only one n − 1 dimensional faets.
2)The points of Ξ whose Vorono ells share a vertex ν lie on a sphere with enter
in ν whih has no points of Ξ in its interior. Furthermore it is easy to see that the
sphere entered in ν pass among at least n+ 1 points of Ξ.
If Ξ has an innite number of points and it doesn't have any periodi struture,
for onstruting a Vorono

i ell of a point x ∈ Ξ in the general ase we need an
innite number of operations. But we are going to show that really they are still
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nite, thanks to the following theorem
Theorem C.0.2 Let Ξ a Delone set in En of type (r, R) in the previous nota-
tions. To onstrut a Vorono

i ell in En of the point x ∈ Ξ we have to join x
to all point of Ξ in the ball B2R(x).
Dim:
Consider the Vorono tessellation of En based on the Delone set Ξ. Let x a point
of Ξ and V(x) the faets of the Vorono ell relative to x. By denition the V(x) lie
on the n− 1 iperplains that are bisetors of the segment joining x to its neighbor
points of Ξ. Let ν any vertex of V(x). We know that ν is the enter of a sphere
on whih there are at least n point of Ξ whose relative Vorono ells interset at
ν. In the interior of this sphere there are no points of Ξ so that d(x, ν) ≤ R. So
that if we onsider the distane between x and any other point y among all other
at least n points above, we have d(x, y) ≤ d(x, ν) + d(y, ν) sine the reasonings
for x an be applied equivalently to any other point y, we have d(y, ν) ≤ R and
then d(x, y) ≤ 2R. This implies that to onstrut a Vorono ell in En of a point
x belonging to a Delone
set it is suÆient to onsider the points of Ξ whih are in the ball B2R(x).
The triangulations Σ of a PL-manifold, whih we are onsidering, have always
a nite number of n simplies so that they have a nite number of verties. On
Σ it is dened a metri tensor suh that in the interior of eah n-dimensional
simplex it oinides with the Eulidean metri and near the hinges it is like the
metri tensor of a one. So it does make sense to dene on the simpliial manifold
the Vorono ell
(see referene [20℄ p. 395) of a vertex as the onvex region of points of the
simpliial omplex that are loser to the vertex than to any other vertex of the
simpliial omplex. To onstrut this Vorono ell relative to a vertex we onsider
on the simpliial omplex all the verties that lie in the star of this vertex and
the edges joining them with the vertex. The faets of this Vorono ell lie on
the n − 1 iperplain orthogonal to the edges in their middle points. Standard
fats of elementary Eulidean geometry tell us that the verties of the Vorono
ells oinides with the irumenters of the simplies, that is the enters of the
spheres irumsribed to the simplies. In this way we have onstruted the dual
of the original triangulation Σ. In fat to eah vertex uniquely it orresponds a
n-dimensional Vorono ell, to an edge a n − 1 dimensional faet of the Vorono
ell and in general to a k simplex a n−k-Vorono polyhedron orthogonal to it. In
partiular this dual appliation maps a n-simplex to its irumenter.
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